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Abstra t. The problem instan e of Vertex Cover onsists of an undire ted graph G = (V; E ) and a positive integer k, the question is whether
there exists a subset C  V of verti es su h that ea h edge in E has at
least one of its endpoints in C with jC j  k. We improve two re ent
worst ase upper bounds for Vertex Cover. First, Balasubramanian et
k 2
al. showed that Vertex Cover an be solved in time O (kn + 1:32472 k ),
where n is the number of verti es in G. Afterwards, Downey et al. improved this to O(kn + 1:31951k k2 ). Bringing the exponential base signifi antly below 1:3, we present the new upper bound O(kn + 1:29175k k2 ).

1

Introdu tion

Vertex Cover is a problem of entral importan e in omputer s ien e:
{
{

{

{

It was among the rst NP - omplete problems [7℄.
There have been numerous e orts to design eÆ ient approximation algorithms [3℄, but it is also known to be hard to approximate [1℄.
It is of entral importan e in parameterized omplexity theory and has one
of the most eÆ ient xed parameter algorithms [4℄, whi h is also subje t
of [2, 5℄ and this paper.
It has important appli ations, e.g., in omputational bio hemistry, where it
is used to resolve on i ts between sequen es by ex luding some of them
from a sample and, for this reason, the algorithm of Balasubramanian et
al. [2℄ has been implemented as part of the DARWIN proje t at ETH Zuri h
[5, 8℄. In parti ular, exa t algorithms are important here.

An instan e of Vertex Cover is an undire ted graph G = (V; E ) and a positive
integer k. The question is whether there exists a vertex over set C  V with
jC j  k su h that for all edges (u; v) in E , it holds that u 2 C or v 2 C . A
straightforward greedy algorithm shows that Vertex Cover is approximable to
a ratio 1 ( f. [13℄). However, unless P = NP , Vertex Cover has no polynomial
?

Supported by a Feodor Lynen fellowship of the Alexander von Humboldt-Stiftung,
Bonn, and the Center for Dis rete Mathemati s, Theoreti al Computer S ien e and
Appli ations (DIMATIA), Prague, Cze h Republi .

LCNS, Vol 1563, pp. 561–570, Springer 1999

time approximation s heme [1℄ and it is known to be not approximable to a
ratio 0.1666 [9℄.
Vertex Cover has seen quite some history of progress with respe t to xed
parameter algorithms (\ xed parameter" refers to k, see [4, 11℄ for details). Reently, Balasubramanian et al. [2℄ ame up with a greatly improved xed parameter algorithm for Vertex Cover, running in time O(kn + 1:324718kk2 ). They
employ an intri ate, improved sear h tree algorithm. Very re ently, this result
was slightly improved to O(kn + 1:31951kk2 ) by Downey et al. [5℄. Note that
a ording to the authors this \tiny di eren e amounts to a 21% improvement in
the running time for k = 60." In the following we prove a better upper bound
of O(kn + 1:29175kk2), thus breaking the 1:3 barrier in the base of the exponential term. Adopting the above example for k = 60, our new result means
an improvement of 78% to the result of Balasubramanian et al . A te hni al
report [12℄ ontains all details that had to be omitted due to la k of spa e.
2

Preliminaries and basi

notation

Let G = (V; E ) be an undire ted graph. A set C  V is a vertex over of G, if
for every edge (i; j ) 2 E , either i 2 C or j 2 C or both i; j 2 C . A vertex over
is minimal or optimal if it has minimum size, i.e., if there is no vertex over
that has less verti es. By N (x) we denote the set of neighbors, i.e., adja ent
verti es, of a vertex x. For the ease of notation, we often write fx; N (y)g instead
of fxg [ N (y) or N (fx; y; g) instead of N (x) [ N (y) to denote sets of verti es. A
graph is alled r-regular if every vertex has degree r; it is alled regular if it is
r-regular for some r. A graph is onne ted if there is a path between ea h pair
of verti es. A omponent of a graph is a maximal onne ted subgraph. Three
verti es a; b; are a bridge of a vertex x if x; a; b; form a y le (a losed path).
We say b is a bridge vertex of x. A y le of length 3 is a triangle.
Our algorithm works re ursively. The number of re ursions is the number of
nodes in the a ording tree. This number is governed by homogeneous, linear
re urren es with onstant oeÆ ients. It is well known, how to solve them and the
asymptoti solution is determined by the roots of the hara teristi polynomial.
We use the same notation as Kullmann and Lu khardt [10℄. If the algorithm
solves a problem of size n and alls itself re ursively for problems of sizes n
d1; : : :; n dk , then (d1; : : :; dk) is alled the bran hing ve tor of this re ursion.
It orresponds to the re urren e tn = tn d1 +    + tn dk with the hara teristi
polynomial z d = z d d1 +    + z d dk , where d = maxfd1; : : :; dk g. If is a root
of the hara teristi polynomial with maximum absolute value, then tn is n
up to a polynomial fa tor. We all j j the bran hing number that orresponds
to the bran hing ve tor (d1; : : :; d2). Moreover, if is a single root, then even
tn = O( n) and all bran hing numbers that will o ur in this paper are single
roots.
In this paper, the size of the sear h tree is therefore O( k ), where k is the
parameter and is the biggest bran hing number that will o ur; it is about
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1:291742754 and belongs to the bran hing ve tor (3; 5; 8; 8) whi h o urs in Se tion 5 (Case 5.2.1).
3

General outline of the algorithm

Our algorithm works, in essen e, as all previous algorithms for Vertex Cover.
The main part is to build a bounded sear h tree : To over an edge, we have
to put at least one of its two endpoints into the (optimal) vertex over set.
Thus, starting with an arbitrary edge, we an make a binary de ision between
its two endpoints. In ea h sub ase, we delete the orresponding vertex hosen
and its in ident edges and repeat this until we have built a sear h tree of size 2k .
Altogether, it is easy to see that this leads to an algorithm running in time
O(2k n) [4℄, where n denotes the number of verti es in the graph. All results
(in luding ours) to get more eÆ ient algorithms are based on e orts to make
the sear h tree smaller. So, Balasubramanian et al. [2℄ presented an algorithm
with sear h tree size 1:32472k and this was improved to 1:31951k by Downey et
al. [5℄. We further improve this size to 1:29175k.
Before we give an overview of our approa h we still have to explain brie y a
te hnique alled redu tion to problem kernel , whi h is a kind of prepro essing.
The main idea is that verti es of degree > k must be part of a vertex over, if its
size is at most k. Deleting all those edges leaves a graph, whi h an still be very
big. If, however, it is onne ted and bigger than 2k2 then there annot exist a
vertex over of size k sin e there are more than k2 edges. Hen e, after redu tion
to problem kernel we an assume that the size of the graph is at most 2k2.
In parameterized omplexity theory the resulting algorithm is known as Buss'
algorithm [4℄, but basi ally the same approa h an be tra ed ba k to older ideas
from VLSI{theory, e.g., Evans [6℄. It is not diÆ ult to see, using appropriate subalgorithms, that Buss' algorithm has running time O(kn +(2k2)k k2). Combining
redu tion to problem kernel with the sear h tree algorithm des ribed before, we
get easily an O(kn + 2k k2) algorithm for Vertex Cover. All subsequent improvements on entrated on repla ing the exponential term 2k by a smaller one.
The algorithm we des ribe is loser in spirit to the one of Balasubramanian
et al. [2℄ than to that of Downey et al [5℄. The main di eren e between both
approa hes is that Downey et al. employ a di erent redu tion to problem kernel,
whi h not only works as prepro essing, but is also applied during the sear h
tree onstru tion. We refer to Downey et al. [5℄ for details. By way of ontrast,
Balasubramanian et al. [2℄ and we use the \more lassi al approa h" where the
sear h tree deals also with verti es of degree 2 and 3 and redu tion to problem
kernel is only applied on e as a prepro essing phase. In the rest of the paper, we
on entrate on shrinking the sear h tree size.
3.1

Overall stru ture of the new sear h tree algorithm

The algorithms nds re ursively an optimal vertex over as follows. Given a
graph G, we hoose several subgraphs G1,. . . ,Gk and ompute optimal vertex
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overs for all of them. From them we an onstru t an optimal vertex over for G.
For example, let x be some vertex of G and let G1 be the subgraph that results
from G by deleting x and all in ident edges. A vertex over of G1, together with
x, is then a vertex over of G. Moreover, if there is an optimal vertex over for G
that ontains x, then we an onstru t an optimal vertex over from an optimal
vertex over of G1. Otherwise, if no optimal vertex over of G ontains x, they
must ontain all neighbors of x. Hen e, let G2 be the graph that results from
G by deleting all neighbors of x. Again, we an onstru t an vertex over of G
by taking a vertex over of G2 and adding all neighbors of x. If we start from
optimal vertex overs for G1 and G2, then one of the resulting overs for G must
be optimal, sin e either x or its neighbors must be part of any vertex over. We
say we bran h a ording to x and N (x), where N (x) denotes the neighbors of x.
In the rst bran h, x will be part of the vertex over and in the se ond bran h
it will be N (x). The vertex over onstru ted grows in size with ea h step. Sin e
its size annot ex eed k, the goal, the algorithm terminates.
In prin iple that is the way our algorithm works, but we hoose the subgraphs
G1,. . . ,Gk in a more ompli ated way and bran h a ording to mu h more ompli ated sets. The rules how to hoose those bran hing sets are as follows, if the
graph is onne ted:
1. If there is a vertex x with degree 1, then bran h a ording to N (x) (and
nothing else). There is no other bran h, sin e there is always an optimal
vertex over that ontains N (x) and does not ontain x.
2. If there is a vertex x with degree 6 or more, then bran h a ording to x and
N (x).
3. If there are no verti es with degree 1 or at least 6, but there is a vertex with
degree 2, then pro eed as shown in Se tion 4.
4. If 1.{3. do not apply and if the graph is regular, then hoose some vertex x
with maximum degree and bran h a ording to x and N (x). (This an happen at most three times in ea h path of the sear h tree and in reases its size
at most by a small onstant fa tor.)
5. If 1.{4. do not apply and if there is a vertex with degree 3 then pro eed as
shown in Se tion 5.
6. Otherwise, there must be a vertex with degree 4 and all other verti es have
degrees between 4 and 5. Pro eed as shown in Se tion 6.
If the graph is not onne ted, then the algorithm hooses some omponent

G0 and tests re ursively if G0 has a vertex over of size k or less and, if it has,
nds out the optimal size k0 of a vertex over for G0 . Then it pro eeds to test
if G G0 , the other omponents, have a vertex over of size k k0. In this way
the algorithm nds out whether the whole graph has a vertex over of size k.
4

Degree-2-verti es

If the graph is 2-regular (and onne ted), all verti es onstitute a y le and it
is very easy to onstru t an optimal over in linear time. Otherwise let x be
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a vertex with degree 2 and a, b its neighbors, where a has degree
algorithm hooses the rst of the following four ases that applies.



3. The

Case 1. There is an edge between a and b or x has a bridge whose bridge ve tor
has degree 2. Then in lude fa; bg into the vertex over, whi h is optimal. No
bran hing is ne essary.

Assume that jN (a) [ N (b)j  4. Then bran h a ording to fa; bg and
N (a) [ N (b), whose bran hing ve tor is at least (2; 4).

Case 2.

Case 3. Assume x has exa tly one bridge. Then a's degree must be 3 and b's
degree must be 2. Otherwise jN (a) [ N (b)j  4. Then there is an optimal over
that does not ontain both a and y, the bridge vertex: If a and y are part of
an optimal vertex over then we an assume that x is also in the over (but b
is not). Repla ing a by N (a) produ es another vertex over that is not bigger.
Hen e, we bran h a ording to N (y) and N (a). The bran hing ve tor is at least
(3; 3).

Case 4. Finally, let x have two bridges. Then the degrees of both a and b must
be 3 sin e otherwise jN (a) [ N (b)j  4. Let y and z be the bridge verti es. We
an bran h a ording to y and N (y). If y is in an optimal over, in luding y and
z , but not a or b is optimal, sin e two further verti es are ne essary anyways to
over all in ident edges of a and b. Hen e, we an bran h a ording to N (y) and
fx; y; z g with a bran hing ve tor at least (3; 3).

5

Degree-3-verti es

In this se tion, the graph an ontain verti es with degrees between 3 and 5.
Parti ularly there must be at least one vertex with degree 3. Due to the la k of
spa e, many details and proofs of orre tness had to be omitted.
For Cases 1, 2, 3, and 4 let x be su h a vertex and let a, b, and be its neighbors. The rst four ases distinguish on the stru ture of the subgraph around x,
in parti ular on the degree of its neighbors and whether x has triangles or bridges.
Case 5 is di erent, it rather assumes that no verti es exist in the whole graph,
for whi h one of the rst four ases applies.
Assume that x is part of a triangle, e.g., let fx; a; bg be the triangle
(but there an be more triangles). Then we an bran h a ording to N (x) and
N ( ). If x is not part of the over, N (x) is. If x is part of the over, then is a or
b. If is also in the over, then two neighbors of x are and we an repla e x by
N (x). The bran hing ve tor is at least (3; 3).

Case 1.
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Case 2. Assume that x has at least two bridges (separate ones or a double
bridge). Let y and z be the middle verti es on the bridges. We an bran h
a ording to N (x) and fx; y; z g. The bran hing ve tor is at least (3; 3).
Case 3. Next, assume that x has exa tly one bridge, let us say between a and b.
Call the enter vertex on the bridge again y. Let us further assume that a or b
has degree 3, without loss of generality a. Then we bran h a ording to N (x)
and N (a). The bran hing ve tor is at least (3; 3).

Now assume again that x has exa tly one bridge as in the ase above,
but both a and b have degrees of at least 4. Then we an bran h a ording to
N (x), N (a), and fa; x; N (b); N ( )g. Sin e we an assume that x is not part of a
triangle and there is exa tly one bridge, we get the bran hing ve tor (3; 4; 7).

Case 4.

Finally, we an assume that there is no vertex with degree 3 that has
a bridge or a triangle.
Case 5.

Case 5.1. Assume that there is a vertex x with degree 3 and neighbors a, b,
, two of whi h have degree at least 4, say, a and b. We pi k either N (x) or
fx; N (a); N (b)g or fx; a; N (b); N ( )g or fx; b; N (a); N ( )g, using that, in order
to get an optimal vertex over, at most one of the neighbors an be hosen
together with x. This yields the bran hing ve tor (3; 7; 7; 7).
Case 5.2. Otherwise, we an assume that ea h degree 3 vertex has at most
one neighbor with degree  4. We assumed further in this se tion that the
graph is not regular and has at least one vertex with degree 3. Sin e the graph is
onne ted there must be some vertex with degree 3 that has exa tly one neighbor
with degree 4 or 5.
Case 5.2.1 Let us assume that there is no y le of length 5 with the following
two properties: (1) ea h vertex on the y le has degree 3 and (2) there is a vertex
on the y le that has a neighbor with degree at least 4. We hoose some vertex
with degree 3 that has a neighbor with degree 4 or 5. Call this vertex a3 and
the neighbor b3. The other two neighbor of a3 must have degree 3. From ea h
vertex with degree 3 we an indu tively follow some path that onsists solely of
degree{3 verti es: Just hoose a neighbor with degree 3, but not that one you
ame from. Start su h a path from a3 and all the verti es a2, a1, a0 . Start
another path and all the verti es a4, a5 , a6. Ea h of the ai has at least two
neighbors with degree 3, i.e., ai 1 and ai+1 . The third neighbor is alled bi and
might have degree 3, 4, or 5.
Figure 1 shows the resulting part of the graph. This pi ture does not ne essarily denote a subgraph of G: Firstly, all verti es bi are shown with degree 4,
but some of them might also have degree 3 or 5. On the other hand, we know
that all ai have exa tly degree 3. Se ondly, not all verti es shown in pi ture must
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be ne essarily distin t. For example, we ould have b1 = a4 (then b1 would have
degree 3), sin e it does not violate any assumptions we made for this sub ase.
The pi ture in Figure 1 is therefore merely a s eletal stru ture leaving open
many details. The freedom of these details lays in variation of degree of the bi 's
and pairs of verti es being identi al.
Our algorithm's behavior must depend on these details, but mostly we bran h
a ording to
1.
2.
3.
4.

fa2; b3; a4g,
fa1; b2; a3; b4; a5g,
fa1; b2; N (b3); N (b4); b5; a6g, and
fa0; b1; N (b2); N (b3); b4; a5g,

whi h an be found marked in Figure 1. The orre tness is seen as follows: The
rst bran h handles the ase that a3 is not in the over, the remaining bran hes
that it is. The se ond bran h assumes that a2 and a4 are not in the over. The
third bran h assumes that a2 is not, but a4 is in the over. We an then further
assume that b2 is not in the over, otherwise there is another optimal over that
ontains N (a3 ) instead of a3. Moreover, we an assume that also b4 and a5 are
not part of the over, sin e otherwise we an repla e a4 by N (a4 ), whi h is then
handled by the se ond bran h. Hen e, the neighbors of b3 , b4 , and a5 are in the
over and we get altogether fa1; b2; N (b3); N (b4); b5; a6g. The third and fourth
bran hes are symmetri .
The resulting bran hing ve tor is (3; 5; n1; n2). Clearly a2; b3; a4 are pairwise
distin t. Furthermore b2 6= b4 , a1 6= b4 , b2 6= a5 (otherwise a3 has a bridge)
making also a1; b2; a3; b4; a5 pairwise distin t and yielding the rst two omponents of the bran hing ve tor. (a1 ; : : :; a5 are pairwise distin t, sin e they do not
onstitute a y le.) We on entrate now on the third bran h, sin e the fourth
one is quite similar to it and the same reasoning applies.
In fa1; b2; N (b3); N (b4); b5; a6g we ount 11 or 12 verti es, but some of them
might be identi al. If we ould prove that the size of this set is always at least 8,
we got the bran hing ve tor (3; 5; 8; 8), whi h is good enough. Unfortunately, this
is not possible. We pro eed as follows: First we nd out under what ir umstan es
the size of the set an be smaller than 8. It will turn out that there is only one
pathologi al possibility. Then we provide a di erent type of bran hing suited
exa tly for this ex eption. If neither the third nor the symmetri al fourth bran h
are pathologi al we get a bran hing ve tor of (3; 5; 8; 8) using the above bran hing
s heme. For the pathologi al ases we an even prove a bran hing ve tor (3; 5; 7).
We omit any details.
Case 5.2.2 Finally, we assume that there is a y le of length 5 that onsists
of verti es with degree 3 and at least one of them has a neighbor with degree at least 4. This y le shall onsist of a0; : : :; a4 with neighbors b0 ; : : :; b4
outside the y le, where b2 is the neighbor with degree at least 4. We bran h
by either pi king fa1; b2; a3g or fa0; b1; a2; b3; a4g or fa0 ; b1; N (b2); N (b3 ); b4g or
fb0; N (b1); N (b2); b3; a4g. Similar onsiderations as in Case 5.2.1 show that we
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an get bran hing ve tors (3; 5; 8; 8) or (3; 5; 7), in the latter ase omitting the
fourth bran hing set.
6

Degree-4-verti es

In this se tion, we an assume that all verti es have either degree 4 or 5 and that
there is at least one vertex with degree 4 and at least one vertex with degree 5.
Again, several details had to be omitted.
Assume that there is a vertex x of degree 4 that is part of a triangle
and has a neighbor y with degree 5. Let a and b be the neighbors of x su h that
fa; b; xg is a triangle (a or b an but need not oin ide with y).
First, we assume that a; b 6= y. Let 2
= fa; b; yg be another neighbor of x. We
an bran h a ording to N (x), N (y), and fx; y; N ( )g: The resulting bran hing
ve tor is at least (4; 5; 4).
Now let us assume that a = y. Then we an further assume that the remaining
two neighbors and d of x, i.e., not a or b, are not onne ted by an edge.
(Otherwise we an hoose them to play the role of a and b above.) Bran h
a ording to N (x), N ( ), and fx; ; N (d)g, whi h is suÆ ient for the same reason
as above. The bran hing ve tor is again at least (4; 4; 5), be ause 2= N (d).

Case 1.

We assume in this ase that there is no vertex x with degree 4 that has
the following properties simultaneously: (1) x has a neighbor y with degree 5,

Case 2.
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b
x

d

a

Fig. 2. All marked verti es in ea h of the
ve bran hes are distin t if there are no
bridges that do not involve a. If there is su h a bridge, we an assume it mat hes two
marked verti es in the last bran h be ause of symmetry.

(2) x has at least two bridges of whom y is not part of (this might be independent
bridges or a double bridge). We an further assume that there are no triangles
that ontain a vertex with degree 4 that has a neighbor with degree 5, i.e.,
that Case 1 does not apply. Choose some vertex x with degree 4 that has a
neighbor a with degree 5 (su h vertex exists, otherwise the graph would be
regular or not onne ted). Let b, , d be the other neighbors of x (whi h an
have degrees between 4 and 5). We an bran h a ording to N (a), N (x), and
fa; xg, but we split the last bran h a ording to whether b and/or d are part
of the optimal vertex over. Altogether, we bran h a ording to N (a), N (x),
fx; a; N (b); N (d)g, fx; a; d; N (b); N ( )g, and fx; a; b; N ( ); N (d)g (see Figure 2).
We get the bran hing ve tor (5; 4; 8; 9; 9) if x has no bridge that a is no part of.
There might be one bridge that a is no part of. Without loss of generality
we an assume that this bridge goes over and d (b, , d are symmetri and an
be mutually ex hanged in the above bran hing s heme). Then all verti es in the
third and fourth bran h must be still mutually distin t, but and d now share
another neighbor besides x and therefore two of the marked verti es in the last
bran h oin ide. This leaves a bran hing ve tor of (5; 4; 8; 9; 8).
Now we assume that there is a vertex x that has exa tly the properties
that were forbidden in Case 2: It has degree 4 and two bridges. There is a
neighbor y with degree 5 that is not part of either of the two bridges. There
are two possibilities, whi h are depi ted in Figure 3: Either x has two separate
bridges or a double bridge. The algorithm an bran h a ording to N (y), N (x),
and fx; yg. In the last bran h, if fx; yg is part of the over, then we an assume
that the verti es on the bridge are members of the over, too. Otherwise, their
neighbors would be part of the over and that implies that at least three of x's
neighbors are in the vertex over. Then, however, we an take N (x) instead of x.
That is, this over is already handled by the rst bran h. Altogether, this implies
a bran hing ve tor (5; 4; 4).
Case 3.

7

Con lusion

Improving previous work [2, 5℄, we presented the so far best known algorithm for
the NP - omplete Vertex Cover problem, running in time O(kn + 1:29175kk2 ).
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x y

x y
Fig. 3.

How to treat two separate bridges or a double bridge.

Besides the theoreti al interest, this result may also be relevant for pra ti al
appli ations. So, for example, the Vertex Cover algorithm of Balasubramanian
et al. [2℄ has been implemented for appli ations in omputational biology [5, 8℄,
our algorithm now being a natural andidate to repla e or omplement it. Note
that our as well as previous algorithms that are good in the worst ase have the
lear potential to perform mu h better on average.
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