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Abstract. Recent time has seen quite some progress in the development

of exponential time algorithms for NP -hard problems, where the base of
the exponential term is fairly small. These developments are also tightly
related to the theory of xed parameter tractability. In this incomplete
survey, we explain some basic techniques in the design of ecient xed
parameter algorithms, discuss de ciencies of parameterized complexity
theory, and try to point out some future research challenges. The focus of
this paper is on the design of ecient algorithms and not on a structural
theory of parameterized complexity. Moreover, our emphasis will be laid
on two exemplifying issues: Vertex Cover and MaxSat problems.

1 Introduction
How to cope with intractability? This is one of the most important problems in
the theory and practice of computer science. Several methods to deal with this
problem have been developed: approximation, average case analysis, randomization, and heuristics. All of them have their drawbacks as there are hardness
of approximability, lack of mathematical tools and results, limited power of the
method itself, or the lack of provable performance guarantees at all. Parameterization, whose cantus rmus can be characterized by the words \not all forms
of intractability are created equal" [21], is another proposal how to cope with
intractability in some cases. This is the basic subject of this paper.
Many hard computational problems have the following general form: given an
object x and a natural number k, does x have some property that depends on k?
For instance, the NP -complete Vertex Cover problem is: given an undirected
graph G = (V; E ) and a natural number k, does G have a vertex cover of size
at most k? Herein, a vertex cover is a subset of vertices C  V such that each
edge in E has at least one of its endpoints in C . In parameterized complexity
theory, this natural number k is called the parameter . In many applications, the
parameter k can be considered to be \very small" in comparison with the size
?
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jxj of the given object x. Hence, it may be of high interest to ask whether that

problems, which usually are NP -hard, have deterministic algorithms that only
are exponential with respect to k, but polynomial with respect to jxj.
Parameterized complexity, as mainly developed by Downey and Fellows [1,
17{21], is the perhaps latest approach to attack problems that are (worst case)
intractable. The basic observation is that for many hard problems the seemingly
inherent \combinatorial explosion" can be restrained to a \small part" of the
input, the parameter. So, for instance, the NP -complete Vertex Cover problem
allows for an algorithm with running time O(kn + (1:3248)k k2 ) [5], where the
parameter k is a bound on the maximum size of the vertex cover set we are
looking for and n is the number of vertices of the given graph. The fundamental
assumption is k  n. As can easily be seen, this yields an ecient, practical
algorithm if only small values of k are involved. In this paper, we focus on issues
concerning the development of ecient xed parameter algorithms. However,
there are also tight relations to the somewhat more general problem of designing
exponential time algorithms with \small" exponential terms.
The writing of this paper was stimulated by the following conception: It is
widely agreed that the notion of P versus NP reasonably re ects the di erence
between tractable and intractable problems. Why? Does an algorithm with running time n100 , putting the corresponding problem into P , have practical use?
In general, no. The general observation, however, is that most problems in P in
fact have O(n3 ) algorithms or better [27], which is not that enormous. Of course,
from a practical point of view, this may still be unacceptable and usually the ultimate goal are linear or quasilinear time algorithms with small constant factors.
For parameterized complexity, expressed conservatively, such an observation is
hard to make. Problems are called xed parameter tractable if they have running
time f (k)nO(1) for an arbitrary function f only depending on k. Unfortunately,
this f (k) usually cannot be bounded so nicely as in the case of Vertex Cover
(where f (k) = (1:3248)k [5]1 ), but grows much faster (e.g., still giving a harmless
example, f (k) = 11k for the Planar Dominating Set problem [20]), making the
xed parameter tractable algorithm already impractical for small values of k.
This might be one of the, so far, main de ciencies of parameterized complexity theory. Here, we will survey and explore some results directed to \ecient"
xed parameter tractability as represented by Vertex Cover. In particular, our
main focus is on two elementary techniques used in the design of ecient xed
parameter algorithms: kernelization and bounded search trees.
We assume the reader to be familiar with basic notions from algorithms and
complexity as, e.g., provided by the text books [13, 27, 41, 44]. We omit material
on graph minors, bounded treewidth algorithmics etc., which, on the one hand,
play an important role in xed parameter tractability theory, but, on the other
hand, play a minor (sic!) role for the restricted point of view we are taking
here|elementary methods in designing ecient xed parameter algorithms.
1
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Let us mention in passing, however, that for graph problems graph minor theory
is one of the main tools for showing xed parameter tractability [21, 48]: If a
graph class is minor closed, then this implies xed parameter tractability of
the corresponding problem. For instance, consider the class of graphs having a
vertex cover of size at most k, which is closed under taking minors. Consequently,
graph minor theory tells us that the problem is xed parameter tractable. In
addition, in the context of bounded treewidth there has been proposed a \design
methodology that for many NP -hard problems results in algorithms with time
complexity linear in the size of the input graph and only exponential in its
treewidth, lowering the exponent of previously known solutions" [50]. Finally,
let us mention the existence of a further general FPT method that uses hashing
and is called \color-coding," developed by Alon et al. [2].
The paper is structured as follows. In the next section, we very brie y provide
a general overview on some main topics and ideas of parameterized complexity
theory. In Section 3, we take a closer look at the concept of \ xed parameter
tractability" and its criticism, thus providing the basic motivation for this paper.
Turning to the main approach of theoretical computer science in dealing with intractability, that is, approximation, in Section 4, we sketch some known relations
between approximation algorithms and parameterized complexity. In Section 5,
based on the Vertex Cover problem, we explain the two basic techniques, kernelization and search trees. We present the basic ideas behind the best known
Vertex Cover problem and also discuss related approaches in solving important
problems from recon gurable VLSI. In Section 6, we also discuss ecient xed
parameter algorithms for the maximum satis ability problem. We end the paper
by drawing some general conclusions.

2 A Crash Course in Parameterized Complexity
Given an undirected graph G = (V; E ) with vertex set V and edge set E and
a natural number k, the NP -complete Vertex Cover problem is to determine
whether there is a subset of vertices C  V with k or fewer vertices (where k is
a given natural number) such that each edge in E has at least one of its endpoints
in C . Vertex Cover is xed parameter tractable : There is an algorithm solving
it in time O(kn + (1:3248)k k2 ) [5], making it eciently solvable for reasonably
small values of k. By way of contrast, consider the also NP -complete Clique
problem: Given an undirected graph G = (V; E ), Clique asks whether there is
a subset of vertices C  V with k or fewer vertices (where k is a given natural
number) such that C forms a clique by having all possible edges between the
vertices in C . Clique appears to be xed parameter intractable : It is not known
whether it can be solved in time f (k)nO(1) , where f might be an arbitrarily fast
growing function only depending on k [18]. Moreover, unless P = NP , the wellfounded conjecture is that no such algorithm exists. Therefore, the best known
algorithm solving Clique runs in time O(nck=3 ) [42], where c is the exponent
on the time bound for multiplying two integer n  n matrices (currently best
known, c = 2:376 : : : , see [12]). Note that nk is trivial. The decisive point is
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that k appears in the exponent of n, and there seems to be no way \to shift the
combinatorial explosion only into k", independent from n [21].
The observation that NP -complete problems like Vertex Cover and Clique
behave completely di erently in a \parameterized sense" lies at the very heart
of parameterized complexity, which was pioneered by Downey and Fellows and
some of their co-authors [18, 20{22,47]. In this paper, we will focus on the world
of xed parameter tractable problems as, e.g., exhibited by Vertex Cover. Hence,
here we only brie y sketch some very basics from the theory of parameterized
intractability in order to provide some background on parameterized complexity
theory and the ideas behind. For any further details and more discussion, we
refer to the extensive literature, e.g., [20{22, 47].
Attempts to prove nontrivial, absolute lower bounds on the computational
complexity of problems have made relatively little progress [9]. Hence, it is not
surprising that up to now there is no proof that no f (k)nO(1) time algorithm
for Clique exists. In a more complexity-theoretic language, where the class of
parameterized problems that can be solved in deterministic time f (k)nO(1) is
called FPT , this can be rephrased by saying that it is unknown whether Clique
2 FPT . The complexity class FPT is called the set of xed parameter tractable
problems. Analogously to classical complexity theory, Downey and Fellows developed some way out of this quandary by providing a completeness program.
However, the completeness theory of parameterized intractability involves significantly more technical e ort. We brie y sketch some integral parts of this theory
in the following.
To start with a completeness theory, we rst need a reducibility concept:
Let L; L0     N be two parameterized languages. For example, in the case
of Clique the rst component is the input graph coded over some alphabet 
and the second component is the natural number k, that is, the parameter. For
complexity theory people, we mention in passing that the parameter k usually is
encoded in unary as part of the input. We say that L reduces to L0 by a standard
parameterized m-reduction if there are functions k 7! k0 and k 7! k00 from N to
N and a function (x; k) 7! x0 from    N to   such that
1. (x; k) 7! x0 is computable in time k00 jxjc for some constant c and
2. (x; k) 2 L i (x0 ; k0 ) 2 L0.
Notably, most reductions from classical complexity turn out not to be parameterized [21]. For instance, the reduction from Independent Set to Vertex Cover
(see [44]) is not a parameterized one. On the other hand, the reduction from
Independent Set to Clique actually turns out to be also a parameterized one.
Now, the \lowest class of parameterized intractability", so-called W [1], can
be de ned as the class of languages that reduce by a standard parameterized
m-reduction to Clique. Hence, Clique is W [1]-complete . Independent Set is also
W [1]-complete. A further, interesting W [1]-complete problem is Weighted qCNF-Sat : Given a boolean formula F in conjunctive normal form and a positive
integer k, does F have a truth assignment of weight k? Herein, the weight of
a truth assignment simply is the number t of variables set true. Downey and
Fellows provide an extensive list of many more W [1]-complete problems [18, 21].
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As a matter of fact, a whole hierarchy of parameterized intractability can be
de ned, W [1] only being the lowest level. In general, the classes W [t] are de ned
based on \logical depth" (i.e., the number of alternations between unbounded
fan-in And- and Or-gates) in boolean circuits. We omit any further details in
this direction and just refer to the new monograph [21] or the many papers
published on this topic, e.g., [1, 17{20]. There exists a very rich structural theory
of parameterized complexity, somewhat similar to classical complexity. Observe,
however, that in some respects parameterized complexity appears to be in a
sense \orthogonal" to classical complexity: For example, the so-called problem
of computing the V-C dimension from learning theory [7, 46], which is not known
(and not believed) to be NP -hard, is W [1]-complete [16, 20]. Thus, although
in the classical sense it appears to be easier than Vertex Cover (which is NP complete), it appears to be exactly vice versa in the parameterized sense, because
Vertex Cover is in FPT .
From a practical point of view, it is probably sucient to distinguish between W [1]-hardness and membership in FPT . So, not being able to show xedparameter tractability of a problem, it may be sucient to give a reduction from
Clique or Weighted q-CNF-Sat to the given problem, using a standard parameterized m-reduction. This then gives a concrete indication that, unless P = NP ,
the problem is unlikely to allow for an f (k)nO(1) time algorithm. One circumstantial evidence for this is the result showing that the equality of W [1] and FPT
would imply a time 2o(n) algorithm for the NP -complete 3-CNF-Sat problem [1,
21], which would mean a breakthrough in computational complexity theory.
In the remainder of this paper, however, we concentrate on the world inside
FPT and the potential it carries for improvements and future research. Lots of
problems termed xed parameter tractable by the theory still wait for a proof
of real \parameterized eciency." There seem to be plenty of elds like computational biology or VLSI design, o ering natural parameterized problems with
ecient xed parameter algorithms still to be discovered (also see [21, 22, 47]).

3 On the Meaning of Fixed Parameter Tractability
Vertex Cover has an O(kn + f (k)) algorithm, where f (k) = O((1:3248)k k2 ) [5].
So, even for values like k = 70, this still makes an ecient algorithm, giving this
result potential for practical importance. On the other hand, in the de nition of
FPT , f (k) may take unreasonably large values, e.g.,
2

22

2
22

2k

:

Even a less enormous value like f (k) = 11k for the Planar Dominating Set
problem [20] only provides ecient algorithms for quite small values of k. Downey
and Fellows [21] introduced so-called klam values to address this. The klam value
of an algorithm A solving a problem L is de ned to be the largest k such that
1. L can be solved by A in time f (k) + nO(1) and
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Table 1. Comparing the eciency of various MaxSat algorithms with respect to the
exponential terms involved.
k

10
20
30
40
50
60

22k

 10
 10
 10
 10
 10
 10

(1 6181)k

(1 3995)k

 124
 15140
 1 9  10
 2 3  10
 2 9  10
 3 5  10

29
831
 24000
 6 9  105
 2 0  1078
 5 8  10

:

6

12
18
24
30
36

:
:

:
:

6
8

10
12

:

:
:
:

2. f (k)  U , where U is some reasonable absolute bound on the maximum
number of steps of any computation, e.g., U = 1020.
For example, using U = 1020, the current klam value for Vertex Cover is approximately 165. Unfortunately, for few parameterized problems klam values of
comparable high quality are known. Hence, an important algorithmic challenge
concerning FPT problems is to provide klam values as large as possible.
To further substantiate the discussion before, let us brie y address another
parameterized problem, namely maximum satis ability for a boolean formula in
conjunctive normal form (CNF) with a constant number of literals per clause
(also see Section 6 for a more complete treatment). Here, for some time the
best known algorithm had running time O(22k m), where m is the number of
clauses [11]. This, assuming a constant number of literals per clause, was rst
improved to O(m + kk )  O(m + k(1:6181)k ), where  is the golden ratio [40].
and very recently was further improved to O(m + k(1:3995)k ) [43]. Note that
for the improvements it is not even necessary to assume a constant number of
literals per clause. Then, however, the term m in the time bound has to be
replaced by the formula length jF j and the multiplicative factor k has to be
replaced by k2 . Let us compare the exponential expressions involved in these
three time bounds. Table 3 provides these bounds for some reasonable values
of k, implying that the klam value increases signi cantly and emphasizing the
importance of the struggle to make the base of the exponential term as small as
possible. So, the klam value for MaxSat corresponding to the three exponential
algorithms referred to in Table 3, improves from approximately 35 to 100 to 140.
Finally, to also demonstrate the problematic nature of the comparison \ xed
parameter tractable"
versus \ xed parameter intractable", let us compare the
functions 22k and nk = 2(k log n) . The rst refers to xed parameter tractability,
the second to intractability. It is easy to verify that assuming input sizes n in the
range from 103 up to 1015, the value of k where 22k starts to exceed nk is in the
small range f 6; 7; 8; 9 g. Hence, this shows how careful one has to be with the
term xed parameter tractable, since, in practice with reasonable input sizes,
a xed parameter intractable problem can easily turn out to have a still more
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ecient solution than a xed parameter tractable one. A striking example in
this direction is that of computing treewidth. For constant k, there is a famous
result giving a linear time algorithm to compute whether a graph has treewidth
at most k [8]. However, this algorithm su ers from enormous constant factors
(unless k  3) and so the O(nk+1 ) algorithm [3] is more practical.

4 Approximation and Parameterization
In this section, we discuss some relations of xed parameter (in)tractability
to approximation. Polynomial time approximation algorithms and schemes are
one of the major methods to cope with intractability [27]. Two recent surveys
are available [14, 33]. Recently, deep results based on probabilistically checkable
proofs have shown that many NP -hard optimization problems are also hard to
approximate [4]. This gives rise to the general question of the nature of the
relationship between xed parameter tractability and approximability of problems. In this section, we will sketch some of the known results concerning this
relationship and discuss implied consequences.
Results on the relationship between parameterized complexity and approximation come up in at least two ways|a more structural one and a more algorithmic one. We brie y study both of them, but afterwards direct our attention to
the more algorithmic nature. Since this short section is anything but complete,
for a more comprehensive treatment we refer to the literature [11, 21].
Optimization problems come in two forms: maximization and minimization
problems. We concentrate on maximization problems, the minimization case
works in analogy. A maximization problem is a 3-tuple (I; S; g), where I is the
set of input instances, S (x) is the set of feasible solutions for input x 2 I , and
g(x; y) 2 N is the value for each x 2 I and y 2 S (x). The goal is to maximize
g(x; y). The parameterized version of a maximization problem is: given x 2 I
and a positive integer k, is there a y 2 S (x) such that g(x; y)  k.
A maximization problem is polynomial time approximable to a ratio r if there
is a polynomial time algorithm such that for all input instances x 2 I it produces
a y 2 S (x) such that for the relative error it holds
max(x)  1 + r;
g(x; y)
where max(x) denotes the maximum value of the input instance x. A maximization problem has a polynomial time approximation scheme (PTAS) if for all  > 0
there is a polynomial time algorithm that produces a ratio  approximation. Furthermore, it has a fully polynomial time approximation scheme (FPTAS) if it
has a PTAS where, additionally, the running time of the algorithm is polynomial
in the input size as well as in 1=.
It is not very dicult to prove the following interesting result [11]: If an
NP optimization problem has an FPTAS, then it is in FPT . The basic idea of
proof is to make use of the fact that if max(x)=g(x; y)  1 + 1=(2k), this implies max(x) > k i g(x; y) > k. The contrapositive consequences of this result
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appear to be still more important. As a corollary we get that the NP optimization problems that are W [1]-hard under the standard parameterized m-reduction
have no FPTAS unless W [1] = FPT [11]. Thus, the structural theory concerning
the W -hierarchy surprisingly may give evidence on the non-approximability of
optimization problems. In other words, proving W [1]-hardness can be seen as one
way to show non-approximability. Further results of Cai and Chen show that the
parameterized versions of all maximization problems in the class MaxSNP , introduced by Papadimitriou and Yannakakis [45], and all minimization problems in
the class Min F + 1 , introduced by Kolaitis and Thakur [36], are in FPT . Hence,
besides the above-mentioned, more structural issues, the subsequent questions
arise:
1. Which problems in MaxSNP and Min F + 1 admit ecient xed parameter
algorithms? What are the best time bounds?
2. More generally, can ideas from approximation algorithms be used for the
design of ecient xed parameter algorithms and vice versa?
3. For optimization problems a compendium of approximability results exists [14]. Will the future see something analogous for ecient xed parameter
tractability, giving the best achieved exponential time algorithms?

5 Vertex Cover Problems
The minimization problem Vertex Cover is surely one of the best explored parameterized problems. The problem instance is an undirected graph G = (V; E )
and a positive integer k, the question is whether there exists a \vertex cover set"
C  V with jC j  k such that for all edges (u; v) in E , it holds that u 2 C or
v 2 C . Vertex Cover, sometimes called Node Cover, is NP -complete. A straightforward greedy algorithm shows that Vertex Cover is approximable to a ratio 1
(cf. [44]), that is, the greedy algorithm always nds a vertex cover of size at most
twice as large as as the optimal one. The simple idea behind the greedy algorithm is to pick any edge from the graph, put both endpoints in the vertex cover,
and delete these endpoints together with their incident edges from the graph.
However, unless P = NP , Vertex Cover has no polynomial time approximation
scheme [4] and it is known to be not approximable to a ratio 0.1666 [32].
Although Vertex Cover is hard to approximate, it has turned out that it is
\easy to parameterize": Vertex Cover has seen quite some history of progress
with respect to xed parameter algorithms (see [21] for details). One of the rst
results (of mainly theoretical interest) showing its xed parameter tractability was based on Robertson and Seymour's deep theory of graph minors [25]
leading to an O(n3 ) algorithm for constant k. Even a linear time algorithm followed, because graphs with \bounded vertex cover" have bounded treewidth [8].
However, more ecient algorithms based on techniques as bounded search tree
[19] and reduction to problem kernel [10] have been obtained. Using maximum
matching as a subroutine, Papadimitriou and Yannakakis [46] showed that Vertex Cover admits a polynomial time solution whenever the cover size is O(log n).
Surprisingly, in essence all this already follows from the elementary search tree
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method described in Mehlhorn's text book on graph algorithms [41, page 216],
published before all of the above-mentioned papers. Recently, Balasubramanian
et al. [5] came up with a greatly improved xed parameter algorithm for Vertex Cover, running in time O(kn + (1:324718)kk2 ). They employ an intricate,
improved search tree algorithm. Very recently, this result was slightly improved
to O(kn + (1:31951)k k2 ) [22]. Note that according to the authors this \tiny
di erence amounts to a 21% improvement in the running time for k = 60."
In the following subsection, we describe the basic ideas behind the algorithm
of Balasubramanian et al. The further improvement was achieved using similar ideas. In particular, studying this concrete problem, the purpose is also to
become familiar with the two so far perhaps most successful techniques in designing ecient xed parameter algorithms|bounded search tree and reduction
to problem kernel. Afterwards, in Subsection 5.2, we give one example how to
apply this methodology to a problem originating from recon gurable VLSI|
Constraint Bipartite Vertex Cover. This may give sucient stimulus to pursue
further research in this direction.

5.1 General Vertex Cover
Using an intricate, but elementary algorithmic technique, Balasubramanian et
al. developed a very ecient xed parameter algorithm to solve Vertex Cover [5].
Let's see how this basically works.

Method 1: reduction to problem kernel. The general idea of this method,

which is fairly generally applicable (not only to vertex cover or graph problems),
can be expressed as follows.
1. Reduce the given instance to a new instance whose size is exclusively bounded
by a function of the parameter k.
2. Perform exhaustive search in the new instance, usually employing an exponential time algorithm.
In this way, we get Buss' algorithm for Vertex Cover [10, 20, 21], see Fig. 1.
Obviously, the new instance has size bounded by O(k2 ).
The correctness of Buss' algorithm relies on the idea that \high-degreevertices", that is, those of degree > k, must be part of the vertex cover of
size  k if one exists. It is not dicult to see, using appropriate subalgorithms,
that Buss' algorithm has a running time O(kn + (2k2 )k k2 ). Although in the parameterized world, reduction to problem kernel is usually attributed to Buss [20,
21], basically the same technique has been used at least 10 years earlier in VLSI,
e.g., by Evans [23]. Reduction to problem kernel is commonly used as some kind
of preprocessing to a so-called bounded search tree algorithm, which already can
be found in Mehlhorn's textbook [41, page 216].
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Input: A graph = ( ) and a positive integer .
Output: A minimum vertex cover of size at most if one exists.
G

V; E

k

k

1. (a) Let be the set of vertices in with degree ;
(b) if j j
then \No size  vertex cover exists"; exit;
(c) Let = (
) be the graph originating from by deleting all vertices in
and their incident edges;
(d) := ? j j;
(e) Delete all isolated vertices in ;
2. if j j
then \No size  vertex cover exists"; exit;
3. Perform exhaustive search on to nd a minimum vertex cover of size ;
4. The minimum vertex cover for is the minimum vertex cover for combined
with .
H

H

G

k

0

V

> k

0

0

V ;E

k

0

G

E

> kk

H

H

G

0

> k

k

0

0

k

G

0

G

k

G

0

0

H

Fig. 1. Buss' algorithm for Vertex Cover|reduction to problem kernel.

Method 2: bounded search tree. The general idea of this method is to

identify a small subset of elements of which at least one must be in any feasible
solution of the problem. Here comes the application to Vertex Cover based on
Mehlhorn's description [41, page 216]. See Fig. 2. It is called search tree algorithm
and is quite similar in spirit to the greedy approximation algorithm for Vertex
Cover, cf. [44]. We use the notion \G ? v" to express that vertex v and all its
incident edges are deleted from G. The time complexity of the algorithm can be
easily bounded by O(2k n).
Using Buss' algorithm as preprocessing phase and directly employing the
search tree algorithm, we obtain a vertex cover algorithm running in time O(kn +
2k k2 ). However, combining methods 1 and 2 and improving on method 2 leads
to the result of Balasubramanian et al. [5], which we will focus on next.

An improved search tree algorithm. The key idea of Balasubramanian et
al. [5] to improve the described search tree method with exponential factor 2k
is to do a careful case distinction by distinguishing between the degree of the
vertices of the given graph. Observe that factor 2k actually is the size of the
search tree. So, the goal is to decrease the size of the search tree by using a
more sophisticated recursion. Before we describe this in more detail, note that
by making use of method 1 as a preprocessing phase, w.l.o.g. we can assume
that the subsequent search tree algorithm only has to operate on input graphs
of size O(k2 ). More precisely, what we do is to run the rst two steps of the
algorithm in Fig. 1 and to replace the second two steps by an improved version
of a bounded search tree (Fig. 2).
The basic structure of the improved search tree algorithm is as follows: We
distinguish between ve cases in the following order, which is given by the degree
of the vertices in the graph: First, we deal with \degree-1-vertices", second, with
\degree-2-vertices", third, with \degree- 5-vertices", fourth, with \degree-3vertices", and, nally, with the remaining graph. Observe that the remaining
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Input: A graph = ( ) and a positive integer .
Output: A minimum vertex cover of size at most if one exists.
G

V; E

k

k

1. Construct a complete binary tree of height ;
2. Label the root node ( ;);
3. Recursively label all tree nodes as follows, where ( ) shall be an already labeled
tree node:
(a) Pick an arbitrary edge ( ) in graph ;
(b) Label left child of ( ) with ( ?
[ f g);
(c) Label right child of ( ) with ( ? [ f g);
4. if there is a tree node labeled (; ) (; referring to the \empty graph")
then \ is a vertex cover of size  "
else \No size  vertex cover exists".
k

G;

H; S

u; v

H

H; S

H

H; S

H

;S

S

0

u; S

v; S

u

v

0

k

k

Fig. 2. Search tree algorithm for Vertex Cover.
graph is 4-regular, that is, each vertex has exactly degree 4. To describe all
these cases is out of the scope of this paper. To illustrate the fundamental ideas,
however, it is sucient to describe the rst two (and most simple) ones.
The degree-1-vertex case is trivial. If a vertex x has only one neighbor y,
then to cover the edge between them, it is always advantageous to pick y for the
vertex cover set, because if y has more than one neighbor, we cover more edges
this way than by choosing x. By always choosing y, a branching of the recursion
in the search tree can be avoided, implying a decrease of its size.
The degree-2-vertex case becomes more involved. We distinguish between
three subcases. Assume that the considered degree-2-vertex x has neighbors y
and z . If there is an edge between y and z , then we avoid any branching of the
recursion by always choosing y and z to be included into the vertex cover set.
It is not hard to check that this is always optimal in order to cover the edges
(x; y), (x; z ), and (y; z ) and further possibly incident edges to y and z . Subcase 2
addresses the setting where y and z together have at least two neighbors other
than x, say a and b. Then with not too much e ort (try!) it can be checked that
either fy; z g or all neighbors of y and z have to be added to the vertex cover
set. Thus we get a branching of our recursion. Denoting by T (k) the size of the
recursion tree, this branching leads to the recurrence
T (k) = 1 + T (k ? 2) + T (k ? 3):
It is important to emphasize here that this is already one of the worst cases for
the improved search tree, that is, the solution of this recurrence already yields
the exponential factor (1:3248)k for the tree size as it is part of the overall result.
Finally, subcase 3 (\otherwise") deals with the situation when y and z together
have one neighbor other than x, say a. Then again a branching of the recursion
can be avoided by the choice fa; xg for the vertex cover set. The optimality of
this choice is checked easily.
The complete analysis, involving many more and more complicated cases
with, however, the same basic avor, gives an improved search tree of size
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(1:3248)k [5]. All in all, this results in a running time O(kn + (1:3248)k k2 ).
What about the potential for improvement of this result (besides the small one
to (1:3195)k already mentioned [22])? It seems to be quite complicated to do
this due to the great number of case distinctions involved. In particular, there is
more than one worst case and improving some particular cases may not help in
bringing down the overall worst case. However, only elementary combinatorial
considerations have been used for this result and maybe with the help of machine
support one could still nd a better recursion.

5.2 Constraint Bipartite Vertex Cover
Kuo and Fuchs studied the Constraint Bipartite Vertex Cover (CBVC) problem,
deriving from applications in recon gurable VLSI [38]. The problem is, given a
bipartite graph G = (V1 ; V2 ; E ) and two positive integers k1 and k2 , are there
two subsets C1  V1 and C2  V2 such that jC1 j  k1 and jC2 j  k2 and each
edge from E has at least one endpoint in C1 [ C2 ? In addition, motivated by the
applications behind, it is interesting to search for all solutions to CBVC with
minimal values for the vector (jC1 j; jC2 j). CBVC is NP -complete in general [38].
Therefore, in practice, heuristic algorithms are used that not always yield optimal
solutions. Since the parameter values k1 and k2 can be assumed to be quite small
for technological reasons (say k1 + k2 around 50 all in all), algorithms exponential
in k1 and k2 may be tolerable as long as the running time is linear in the size of
the problem instance.
The anity between CBVC and Vertex Cover is obvious. However, the
existence of two parameters in combination with the bipartite nature of the
graph means a signi cant hurdle. So, the Vertex Cover algorithm cannot be
translated into this new setting. However, the basic techniques as reduction
to problem kernel and bounded search tree again apply. Thus, again based
on the degree of vertices, the combination of these two techniques yields an
O((k1 k2 )n + (1:47)k1 +k2 k1 k2 ) algorithm [26]. Here, the case distinction in comparison with the Vertex Cover case gets less complicated and deals as main cases
with \vertices of degree at least three" and \vertices of degree at most two".
However, note that the seemingly trivial case of vertices with degree at most
two requires some care due to the existence of more than one minimal solution
(opposite to the general vertex cover case). In particular, this holds true when
generalizing CBVC from 2 to even 3 parameters, yielding so-called \3CBVC,"
which is motivated by applications from recon gurable programmable logic arrays [31]. The point here is to partition one of the two vertex sets of the given
graph into two subsets. Nevertheless, solutions of eciency comparable to CBVC
can be achieved [26]. Besides trying to improve the performance of the proposed
(3)CBVC algorithms, there appear to be numerous challenges from VLSI design
concerning ecient parameterized algorithms [26], e.g., [30, 31, 35, 37{39, 49, 52].
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6 Maximum Satis ability Problems
Maximum Satis ability (MaxSat for short) is a problem especially well-known
from the eld of approximation algorithms [14, 33, 45], having also important
practical applications [29]. Hence, many heuristics are in use for MaxSat [6]. The
instance is a boolean formula in conjunctive normal form (CNF), the problem
is to nd a truth assignment that satis es the most number of clauses. The
decision version of MaxSat is NP -complete [27, 44], even if the clauses have at
most two literals (so-called Max2Sat). One of the major results in theoretical
computer science in recent time shows that if there is a PTAS for MaxSat, then
P = NP [4]. On the positive side, it is known that MaxSat is approximable
to a ratio 0.3193 [28]. For special cases of MaxSat, better bounds are known:
MaxqSat is approximable to a ratio 2?q =(1 ? 2?q ) if every clause contains exactly
q literals [34], Max3Sat is approximable to a ratio 0.2489 [51], and Max2Sat
is approximable to a ratio 0.0741 [24]. On the negative side, MaxqSat is not
approximable to a ratio 2?q =(1 ? 2?q ) ?  for any  > 0 and q  3 and Max2Sat
is not approximable to a ratio 0.0476 [32].
The natural parameterized version of MaxSat requires for an algorithm that
determines whether at least k clauses of a CNF formula F can be satis ed. Assume that F contains m clauses and n variables. For each F there always exists a
truth assignment satisfying at least dm=2e clauses: simply pick any assignment|
either it does or its bitwise complement does. This can be checked in time O(jF j).
This observation was used by Cai and Chen [11] to prove that parameterized
MaxqSat for some constant q is in FPT , implying that every problem in the
optimization class MaxSNP is also in FPT . However, their algorithm relies on
the boundedness of clauses, which is not necessary for the algorithms described
in the following. Of course, one might argue that the proposed parameterization
of MaxSat does not make much sense because for k  dm=2e the problem is
trivial and for k > dm=2e one usually cannot speak any longer of a \small parameter value." This is also why Mahajan and Raman [40] introduced a more
meaningful parameterization, asking whether at least dm=2e + k clauses of a CNF
formula F can be satis ed. However, the rst parameterization still remains of
interest, since from a \non-parameterized point of view," an algorithm with running time exponential in M with a small base for the exponential factor can be
of interest. So, we rstly stick to this basic parameterization and afterwards very
brie y deal with the \more meaningful" parameterization.
Mahajan and Raman [40] presented an algorithm running in time O(jF j +
k2 k )  O(jF j + k2 (1:6181)k ) that determines whether at least k clauses of a
CNF formula F are satis able. This algorithm uses a reduction to problem kernel
as well as a bounded search tree.
The reduction to the problem kernel relies on the distinction between \large"
clauses (i.e., clauses containing at least k literals) and \small" clauses (i.e.,
clauses containing less than k literals). If F contains at least k large clauses,
then it is easy to see that at least k clauses in F can be satis ed. Hence, the
subsequent search tree method has only to deal with small clauses. Observe that
the size of the remaining \subformula of small clauses" can easily be bounded
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by O(k2 ). This is also owing to the fact that if the number of clauses in F is at
least 2k, then trivially k clauses in F can be satis ed.
Now the bounded search tree , here more appropriately called branching tree ,
appears as follows. First, note that we can restrict ourselves to only considering
variables that occur both positively and negatively in F , because so-called \pure
literals" can always be set true, always increasing the number of satis ed clauses
without any disadvantage. The basic technique now is to pick one variable x
occurring both positively and negatively in F and then to \branch" into two
subformulas F [x] and F [x], which arise by setting x to true and false. Clearly,
the size of such a branching tree can easily be bounded by 2k . However, Mahajan
and Raman [40] use one further trick, which is basically as follows: Distinguish
between two cases. First, if the selected variable occurs exactly twice in F , then
one can do a \resolution" avoiding any branching of the recursion:

F = (x _ f1 ) ^ (x _ f2) ^ G;
where G contains no occurrence of variable x, can be replaced by
F 0 = (f1 _ f2 ) ^ G;
knowing that one clause in F could be satis ed. Second, if variable x occurs at
least three times in F , then we get for the size T (k) of the branching tree the
Fibonacci recurrence

T (k)  1 + T (k ? 1) + T (k ? 2):
p
Altogether, we end up with time complexity O(jF j + k2 k ), where  = (1+ 5)=2

is the golden ratio. Independently, in the context of approximation algorithms,
basically the same result was also achieved by Dantsin et al. [15].
Using many more, carefully designed transformation and splitting rules for
propositional formulas, the above result could be improved to time complexity
O(jF j+k2 (1:39995)k ) [43]. The fundamental ideas, which all deal with decreasing
the size of the branching tree, are as follows. First, there are several \transformation rules", which avoid any branching of the recursion. Besides the described
resolution rule, we also have transformation rules called pure literal rule, complementary unit-clause rule, dominating unit-clause rule, small subformula rule,
and star rule. Refer to [43] for details. Even more interesting (and more complicated) are the so-called splitting rules, i.e., those rules that lead to a branching
of the recursion. The basic idea is to distinguish between the number of occurrences of the variables in formula F . Note that because of some kind of \preand postprocessing" done by the transformation rules, we always can restrict attention to variables that occur at least three times in F . Hence, the three main
cases now are if a variable x occurs at least 5 times in F , if all variables occur
exactly 4 times in F , or if there is some variable that occurs exactly 3 times in F .
Obviously, these cover all possibilities. The case of at least 5 variables is quite
easy and requires a branching into F [x] and F [x]. The other two cases, however,
are much more complicated and require six, respectively, seven subcases. For the
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purpose of illustration, we just give one of them, namely, the case that variable x
occurs exactly three times in F and F is as follows:
F = (x _ l _ : : : ) ^ (x _ l _ : : : ) ^ (x _ : : : ) ^ (l _ : : : ) ^ : : :
That is, there is another literal l occurring together with x in negated form in
one clause, occurring together with x in positive form in a second clause, and
occurring in at least one clause not containing variable x. Then the rule \T2" [43]
says that we branch (or split) into F [l] and F [l]. It is not hard to see that in
the step from F to F [l] at least two clauses and a further one by applying the
resolution rule afterwards are satis ed, and in the step from F to F [l] at least
one clause and two further clauses by applying the pure literal rule applied to x
are satis ed.
All in all, it can be shown that all cases lead to a recursion that yields a
branching tree size that can be bounded by (1:3995)k . Interestingly, there is a
slightly \better" result if we measure the complexity not in the parameter k of
number of clauses to be satis ed, but in the total number m of clauses in F . Then
the branching tree size can be bounded by (1:3803)m. Again we refer to [43] for
any further details. It is worth noting that in particular the development of the
MaxSat algorithm shows how seemingly tight the relation between xed parameter tractability and the in some sense more general topic of worst case upper
bounds for NP -hard problems is. So, both for Vertex Cover and for MaxSat,
the best known worst case algorithms also yield the best known parameterized
algorithms.
We only mention in passing that the parameterization of MaxSat requiring
the satis ability of at least dm=2e + k clauses is led back to the case considered
above by Mahajan and Raman, thus obtaining a time complexity of O(jF j +
k2 6k )  O(jF j + k2 (17:9443)k). Plugging in the above described improvements [43], we immediately get O(jF j + k2 (1:3995)6k )  O(jF j + k2 (7:5135)k ).
Furthermore, Mahajan and Raman also study the MaxCut problem [40]. Here,
analogous parameterizations as for MaxSat exist. The \conventional" parameterization requiring a cut of size at least k can be led back to a Max2Sat
problem [40] and thus can also be improved using the above described results.

7 Conclusion
The purpose of this paper was not to give a complete survey on how to develop
algorithms that prove xed parameter tractability, but, by taking a restricted
viewpoint, we concentrated on the techniques of reduction to problem kernel
and, even more importantly, bounded search trees. The main intention of this
paper was to give an incomplete, but easily understandable review on interesting
algorithmic aspects of the eld and, in particular, to point out the potential for
future algorithmic research topics in this direction. The ultimate goal of this
work could be termed as putting the reader into the position to pursue research
on ecient parameterized algorithms, maybe even without the need of studying
the extensive literature on parameterized complexity.

LCNS, Vol 1521, pp. 168–185, Springer 1998

Also, we concentrated on two core problems: Vertex Cover and MaxSat.
Besides the open problems in direct relation with these two, we strongly believe
that there is a big potential for research on ecient parameterized algorithms
in elds like VLSI design, computational biology, logic, data bases, and several
others. Practical algorithms from these elds often use heuristic ideas, and may
yield new insight for parameterized algorithm design. It is also promising to test
parameterized algorithms in practical applications, e.g., combining or enriching
them with some heuristics. Research on ecient parameterized algorithms thus
could mean entering a eld that o ers a link between computer science theory
and practice.
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