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Abstra t. The \Constraint Bipartite Vertex Cover" problem (CBVC
for short) is: given a bipartite graph G with n verti es and two positive
integers k1 ; k2 , is there a vertex over taking at most k1 verti es from one
and at most k2 verti es from the other vertex set of G? CBVC is NPomplete. It formalizes the spare allo ation problem for re on gurable
arrays, an important problem from re on gurable VLSI manufa turing.
We provide the rst nontrivial so- alled \ xed parameter" algorithm for
CBVC, running in time O(1:3999k1 +k2 + (k1 + k2 )n). Our algorithm is
eÆ ient and pra ti al for small values of k1 and k2 , as o urring in appli ations. Despite of the seemingly great similarity between CBVC and
Vertex Cover for general graphs, only little ideas developed for Vertex
Cover algorithms arry over to CBVC, so several new te hniques had to
be developed in this paper.

1 Introdu tion
Nontrivial upper bounds for important NP -hard problems by exa t algorithms
have seen a ontinuous interest over many years till today [?,6, ?,12{16℄. With the
advent of parameterized omplexity theory [3℄ a spe ial lass of exa t algorithms
has be ome more and more important [4, 9℄: As an example, onsider the NP omplete Vertex Cover problem: given an undire ted graph G = (V; E ) and a
positive integer k , is there a subset of verti es C  V of size jC j  k su h that
ea h edge in E has at least one endpoint in C ? Setting n := jV j, the best known
exa t algorithm for this problem has running time O(1:211n ) [13℄. However, there
is another exa t (\ xed parameter") algorithm solving Vertex Cover in running
time O(1:29175k + kn) [?℄. For instan e, already for k  n=2 it is mu h more
eÆ ient than the O(1:211n ) algorithm.
The xed parameter algorithm for Vertex Cover mentioned above is valuable
from a pra ti al point of view, where often small values of k an be assumed
be ause of the appli ation behind [3, 4℄. In the ase of Vertex Cover, for instan e,
these may be appli ations in omputational bio hemistry [4, 5℄. In this paper,
?
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we study an also NP - omplete variant of the Vertex Cover problem, motivated
by re on gurable VLSI [7℄: given a bipartite graph G = (V1 ; V2 ; E ) and two
positive integers k1 and k2 , are there two subsets C1  V1 and C2  V2 of sizes
jC1 j  k1 and jC2 j  k2 su h that ea h edge in E has at least one endpoint
in C1 [ C2 ? The existen e of two parameters and two vertex sets makes this
problem, alled Constraint Bipartite Vertex Cover (CBVC), quite di erent from
the original one. Thus, whereas the lassi al Vertex Cover problem (with only one
parameter!) restri ted to bipartite graphs is solvable in polynomial time (be ause
it is equivalent to a polynomial time solvable maximal mat hing problem), by a
redu tion form Clique it has been shown that CBVC is NP - omplete [7℄. Here,
to our best knowledge, we give the rst nontrivial xed parameter algorithm for
the Bipartite Vertex Cover problem running in time O(1:3999k1 +k2 +(k1 + k2 )n).
We onje ture that, due to ist di erent ombinatorial stru ture in omparision
with Vertex Cover, it should be very hard to get an exponential base lose to
the one there (1:29175k ).
Our result makes the following two ontributions: First, it gives a further (of
so far few) example for a problem with an eÆ ient xed parameter algorithm [3,
4, 9℄. Se ond, our result is not only of theoreti al interest, but is also valuable
with regard to pra ti al appli ations. This is also due to the fa t that from the
VLSI appli ation behind it is very natural to assume small values for k1 and k2
ompared to the total number of graph verti es n. Hen e, our exa t algorithm
with a provable upper bound may su essfully ompete with heuristi algorithms
in use, as rst implementation tests indi ate.
To a hieve our result, we employ well-known methods from parameterized
omplexity [3℄: redu tion to problem kernel and bounded sear h trees. These
have already been su essfully applied for Vertex Cover [1, 4, ?℄, Maximum Satis ability [8, 10℄, and elsewhere [3℄. The main te hni al ontribution of our work
is the development of a sear h tree of size 1:3999k1+k2 , whi h requires numerous
ase distin tions based on ombinatorial onsiderations that are very di erent
from the lassi al Vertex Cover ase. The paper is organized as follows...

2 Preliminaries
We assume familarity with basi notations from graph theory, algorithms, and
omplexity. We make use of the following notation for a graph G = (V; E ):
Writing G X means that we delete vertex X and all its in ident edges from
graph G. By NX we denote the neighbors of X in G. By ÆX we denote the
degree of vertex X , that is, jNX j. A graph is alled r-regular if every vertex
has degree r. In this paper, we only deal with bipartite graphs. For the ease of
presentation, we onsider them as two- olored (bla k and white) graphs with
ea h vertex having a olour opposite to all its neighbors.
Our algorithm works re ursively. The number of re ursions is the number of
nodes in the a ording sear h tree. This number is governed by homogeneous, linear re urren es with onstant oeÆ ients ( f. [6, 11, ?℄). If the algorithm solves a
problem of size n and alls itself re ursively for problems of sizes n d1 ; : : : ; n dk ,
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then (d1 ; : : : ; dk ) is alled the
to the re urren e

bran hing ve tor

tn = tn

d1

of this re ursion. It orresponds

+    + tn

dk :

(1)

The hara teristi polynomial of this re urren e is

zd = zd

d1

+    + zd

dk

;

(2)

where d = maxfd1 ; : : : ; dk g. If is a root of (2) with maximum absolute value,
then tn is n up to a polynomial fa tor. We all j j the bran hing number that
orresponds to the bran hing ve tor (d1 ; : : : ; d2 ). Moreover, if is a single root,
then even tn = O( n ) and all bran hing numbers that will o ur in this paper
are single roots. In this paper, the size of the sear h tree is therefore O( k ),
where k := k1 + k2 is the parameter and is the biggest bran hing number that
will o ur; it is about 1:3999 and belongs to the bran hing ve tor (:; :; :; :; :; :; )
o uring in Se tion ?? (Case ???).

3 The algorithm|overview
Our algorithm works in basi ally the same way as the xed parameter algorithms
for Vertex Cover do [1, 4, ?℄. The main part is to build a bounded sear h tree : To
over an edge, we have to put at least one of its two endpoints into the (optimal)
vertex over sets. Thus, starting with an arbitrary edge, we an make a binary
de ision between its two endpoints. In ea h sub ase, we delete the orresponding
vertex hosen and its in ident edges and repeat this until we have built a sear h
tree of size 2k1 +k2 . Altogether, it is easy to see that this leads to an algorithm
running in time O(2k1 +k2 n), where n denotes the number of verti es in the graph.
All results (in luding ours) to get more eÆ ient algorithms are based on e orts
to shrink the sear h tree size.
As in the lassi al ase, we a hieve a redu tion of the sear h tree size by
distinguishing between the degree of graph verti es. Sin e for CBVC we have
to minimize with respe t to two parameters, this gets signi antly harder than
in the lassi al Vertex Cover ase. For instan e, in the lassi al ase for degree1-verti es it always leads to an optimal vertex over to take the neighbor of a
degree-1-vertex. Thus, a bran hing in the sear h tree is avoided. However, this
is no longer possible in the CBVC ase, be ause the neighbor belongs to the
se ond vertex set in the bipartite graph and we have to minimize with respe t
to two two vertex over set sizes. In parti ular, the size of a minimal solution for
CBVC is no longer uniquely determined.
Before we give an overview of our algorithm, we still have to brie y explain
a te hnique alled redu tion to problem kernel [2, 3℄, whi h is a kind of preproessing. This step is based on a simple observation already used by Kuo and
Fu hs [7℄ whi h led to the \must-repair-analysis" pre-phase in their algorithms.
Let G = (V1 ; V2 ; E ) be our given bipartite graph and k1 and k2 be the onstraints.
Clearly, if a vertex in V1 has degree greater than k2 , then it has to be part of the
vertex over and, analogously, if a vertex in V2 has degree greater than k1 , then it
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also has to be part of the vertex over. In this way, deleting all these \high-degreeverti es" together with their in ident edges, we an infer that after redu tion to
problem kernel the size of the graph is at most 2k1 k2 . Obviously, redu tion to
problem kernel an be implemented to run in time O((k1 + k2 )n). Combining
redu tion to problem kernel with the trivial sear h tree of size 2k1 +k2 , we would
end up with a time O(2k1 +k2 k1 k2 +(k1 + k2 )n) algorithm. In the rest of the paper,
we des ribe how to shrink the sear h tree size from 2k1 +k2 to 1:3999k1+k2 .
Before we des ribe the overall stru ture of our sear h tree algorithm, let
us brie y deal with an easy spe ial ase. Clearly, we an deal with ea h onne ted omponent separately. So, let us assume that the graph is onne ted. If
the maximum vertex degree of a graph is at most two, then CBVC is easy to
solve: We know that, in this ase, the graph is either a y le or a path. In both
ases, however, it is fairly easy to ompute the linear number of possible minimal
vertex overs in linear time. We omit the basi ally straightforward details. Furthermore, as pointed out before, here we have to take are of the fa t that our
given graph may be split into several onne ted omponents. Sin e the various
omponents are \independent" from ea h other, we simply an ombine them
using omponent-wise addition and then again looking for the minimal values.
Altogether, using simple data stru tures, this an be done in O((k1 + k2 )2 ) time,
be ause 1 + min(k1 ; k2 ) is an upper bound for the number of minimal vertex
overs belonging to a omponent. Furthermore, we an assume that there are
at most k1 + k2 omponents, sin e otherwise the graph is not overable and we
know that ea h output of merging two minimal vertex overs always is bounded
by O(k1 + k2 ). Altogether, we have (k1 + k2 ) merge steps ea h of time omplexity
O((k1 + k2 )2 ). In summary, this gives:
Proposition 1. For bipartite graphs with maximum vertex degree 2 CBVC an
be solved in time

O((k1 + k3 )3 ).

Be ause of Proposition 1, in the following des ription of the basi stru ture
of our sear h tree algorithm we now may on entrate on graphs with maximum
degree at least three:
Overall stru ture of the sear h tree algorithm. The algorithm re ursively nds
optimal vertex overs as follows. Given a bipartite graph G, we hoose several
subgraphs G1 ,. . . ,Gk and ompute optimal vertex overs for all of them. From
them we an onstru t an optimal vertex over for G. For example, let X be
some vertex of G and let G1 be the subgraph that results from G by deleting X
and all its in ident edges. A vertex over of G1 , together with X , is then a vertex
over of G. Moreover, if there are optimal vertex overs for G that ontain X ,
then we an onstru t optimal vertex overs from an optimal vertex over of G1 .
Otherwise, if no optimal vertex over of G ontains X , they must ontain all
neighbors of X . Hen e, let G2 be the graph that results from G by deleting all
neighbors of X . Again, we an onstru t a vertex overs of G by taking vertex
overs of G2 and adding all neighbors of X . If we start from optimal vertex overs
for G1 and G2 , then at least one of the resulting overs for G must be optimal,
sin e either X or its neighbors must be part of any vertex over. In prin iple,
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that is the way our algorithm works, but we hoose the subgraphs G1 ,. . . ,Gk
in a more ompli ated way and bran h a ording to mu h more ompli ated
sets. The rules how to hoose those bran hing sets are as follows, if the graph is
onne ted. We distinguish between eight main ases (M1{M8), some of them
requiring further sub ases. It is of entral importan e for the orre tness of our
algorithm to exe ute the various steps in the given order|that is, we always
hoose an appli able step with minimal number:
If there is a vertex X with degree at least 4, then bran h a ording to X
and NX .
Corresponding bran hing ve tor and bran hing number: (1; 4) and 1:3803.
M2. If the graph is 3-regular, then pi k any vertex X and bran h a ording
to X and NX . (This step has to be applied at most on e and thus does not
signi antly in uen e the algorithm's overall omplexity.)
Corresponding bran hing ve tor and bran hing number:
M3. Deal with tails of size at least two, see...
Corresponding bran hing ve tor and bran hing number:
M4. Deal with y les of length four, see...
Corresponding bran hing ve tor and bran hing number:
M5. Deal with hains of length at least three, see...
Corresponding bran hing ve tor and bran hing number:
M6. If there is a degree-3-vertex with three neighbors of degree 2, then pro eed
as des ribed in ...
Corresponding bran hing ve tor and bran hing number:
M7. If there is a degree-3-vertex with two neighbors of degree 2, then pro eed
as des ribed in ...
Corresponding bran hing ve tor and bran hing number:
M6. If there is a degree-3-vertex with one neighbor of degree 2, then pro eed
as des ribed in ...
Corresponding bran hing ve tor and bran hing number:

M1.

It may easily be veri ed that the above steps provide a omplete ase distin tion handling all ases that may o ur. More pre isely, from this point of
view, steps M3{M5 even would be super uous|however, they are ne essary in
order to get a small sear h tree size by handling \ni e spe ial ases" in advan e.
The hardest ases above are M4, M6, M7, and M8. The worst ase bran hing
ve tor is ??? and implies a sear h tree size 1:3999k .
In summary, we thus obtain an algorithm for CBVC running in time O(1:39k1 +k2 k1 k2 +
(k1 + k2 )n + (k1 + k2 )3 ). This an be improved to O(1:39k1 +k2 + (k1 + k2 )n) by
simple asymptoti arguments. However, the fa tor k1 k2 above annot only be
omitted by \asymptoti tri ks," but also by an argument due to to re ned omplexity analysis. The basi idea is that all nodes in the sear h tree are near to
the leaves and we an therefore expe t that the running time is the size of the
sear h tree times a small onstant instead of times k1 k2 . Observe that near to the
leaves the graph to be pro essed has to be small. We omit any details here and
just note that the argument works in omplete analogy as it does for lassi al
Vertex Cover [11, ?℄.
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In the rest of the paper, we provide the missing details for ases M3{M8.

4 Details of the algorithm
In the following, we present details of the main algorithm presented above, hen e
oming to an assessment of the running time in the worst ase. To this end, we
introdu e a ounter k whi h will be initialized to k1 + k2 , i.e., the sum of the
two input parameters bounding the size of the vertex over. Ea h re ursive all
of the main pro edure will de rement k in some way, so that k obviously bounds
the depth of the sear h tree. Most onveniently, k is onsidered as a parameter
of the main algorithm, whi h an be alled like m(G; k ). Observe that due to the
redu tion to the problem kernel, G has O(k 2 ) verti es and O(k 2 ) edges. Sin e
the main pro edure works depth- rst, the spa e requirement of the algorithm is
only polynomial.
Be ause of steps M1 and M2, in the following we an
assume w.l.o.g. that the maximum vertex degree in the graph is three and the
graph is not 3-regular.

Case M2: 3-regularity

A tail onsists of a degree-3-vertex A, followed by a (possibly empty) sequen e of degree-two-verti es, ended by a degree-1-vertex. If A is
neighboured by a vertex of degree one (i.e., we have a mi ro-tail ), we regard A
as if it had degree two in the following analysis. Otherwise, a typi al situation
is depi ted in Table 1, where dashed edges and verti es are optional. Here, we
en ounter the main tri k in our time analysis for the rst time: we have seen that
we an ope with a graph having verti es of degree at most two in polynomial
time (Proposition 1). Therefore, if we take vertex A in the present situation, we
reate a non-empty line omponent starting at the degree-2-vertex B ; in order
to over that omponent, we need at least one vertex from that omponent in
the over. Although we do not know whi h vertex (bla k or white) to take into
the over, we an safely bound the sear h tree by alling m(G A; k 2) and
m(G NA; k 3).
Note that in Table 1, the olumn labelled \Bran hing" ontains the information ne essary to understand the bran hing analysis. The rst sub olumn lists
the onditions under whi h the analysis is valid; ; indi ates that no prerequisites
are ne essary. Then, the verti es taken in that bran h are listed; here, rst A and
then (in the se ond row) its neighbours. The third sub olumn lists how many
verti es will be needed at least for the over in the nal polynomial analysis
of degree-2-verti es. The fourth sub olumn gives the values whi h an be substra ted from the parameter k in the orresponding re ursive all of the main
pro edure. Finally, the fth sub olumn gives an upper estimate for the sear h
tree size derived from this ase, here 1:3248k .
Case M3: tails.
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Case

Pi ture
A

Bran hing

B

;A 12
; NA 0 3

M3

D

M4

A
C

; AC 0 2
; BD 0 2

B

A

M5a

M5b

A

;

2 NB

;

2

A
A
B

Table 1.

p

2<
1:4143

see M4 1:4143
13
0 4 1:3954
03

AB
A = N B AN B
NA

B

A

1.3248

;
;

= B see M4 1:4143
6= B AB 1 3
AN B 1 5 1:3640
NA 0 3

Main ases M3{M5

y les of length 4. Consider the orresponding pi ture from Table 1. Why is the given ase distin tion omplete? Assume two neighbouring
nodes, say A and B , are ontained in the over. Then, in order to over the edge
between C and D, either C or D have to be in the over, too. Therefore, either
ase AC or ase BD treats a sub- over of the proposed ase, and we do not
ex lude to take verti es others than AC or BD, resp., into the over. A more
p
re ned analysis of 4- y les as sket hed in the appendix gives a value below 2.

Case M4:

Case M5: hains of length at least 3. If two (not ne essary di erent) degree3-verti es A and B are onne ted via a path of length ` on whi h all verti es
(besides A and B ) have degree two, we say that A and B are onnte ted by a
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hain of length `. Chains of length 3 and 4 are onsidered in Table 1 (M5a and
M5b).
In ase A and B are onne ted by a longer hain, the following bran h analysis
will work:
; AB 2 3
; ANB 1 4 1:3954
; NA 0 3

In that analysis, we even assumed that A = B or A 2 NB might o ur.
So, we an assume from now on that two degree-3-verti es are onne ted
by a hain of length at most two. Having this in mind, we start analysing the
possible situations in the neighbourhood of a degree-3-vertex with at least one
degree-2-neighbour.

B

jN B \ N C j = 2 see M4
;
ABC
14
ÆC = 3
ÆB = 3
NB NC <
ÆA = 3

A

j
C
Table 2.

\

j

2

ABN C
AN BC
AN BN C
NA

1:4143

16
1 6 1:3954
17
03

Case M6

In Table 2, the general situation is depi ted. We an assume ÆA = ÆB = ÆC = 3,
sin e otherwise there is either a tail (M3) or a hain (M5).
Case M6: One degree-3-vertex with three degree-2-neighbours

Case M7: One degree-3-vertex with two degree-2-neighbours Of ourse,
sin e mi ro-tails at degree-3-verti es are like degree-2-verti es, the degree-3vertex in question has one degree-3-neighbour alled A. We refer to Table 3.
Note that the ase jNB \ NC j = 1 is deferred, sin e it is treated in the se tion
on the analysis of y les of length 6.

Consider
the pi ture in Table 4. Ea h of both neighbours X; Z of the degree-2-vertex Y
has two degree-3-neighbours (A; B resp. C; D), otherwise we are in ase M6 or
M7. 4- y le-subgraphs have been treated in ase M4, so that we an assume that
A, B , C and D are pairwise di erent, and that NA \ NB = ; and NC \ ND = ;.

Case M8: One degree-3-vertex with one degree-2-neighbour
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jN B \ N C j = 2 see M4
A 2 NB [ NC
see M4
;
ABC
14

B

ÆC = 3
ÆB = 3
NB NC =
ÆA = 3
NB NC =

\

A

j

\

;

j

1

1:4143
1:4143

16
1 6 1:3954
17
03
see C62
1:3954

ABN C
AN BC
AN BN C
NA

C
Table 3.

Case M7

A01

A01 A2 BCD
A01 A2 BCN D
A01 A2 BN C
A01 A2 BN C
A01 N A2
N A01

A
A2

A1
B

X

Table 4.

Y

Z

Case M8a:

C
D

ÆA1

27
29
2 8 1.3906
16
04
03

=2

Now, we distinguish ases making assumptions on the degree of A1 . If ÆA1 =
1, we an refer to ase M7, sin e X has \almost" two degree-2-neighbours, sin e
there is a mi ro-tail at A.

ÆA1 = 2. First, assume that ÆA1 = 2. Then, we an assume that A01
has degree three, sin e otherwise A would have two degree-2-neighbours (M7).
Further, we an assume ÆA2 = 3, sin e otherwise there would be either a tail or
a hain starting at A (M3 or M5). Finally, if A01 2 NA2 or B = A2 or B 2 NA01 ,
then we have a 4- y le-substru ture, see M4. The spe ial ases C = A2 or D = A2
yield y les of length 6 and are treated as C63 in the appendix. Similarly, if
C 2 NA01 or D 2 NA01 , then refer to ase C64. In the main ase treated in the
pi ture, we an hen e assume fC; Dg \ (NA01 [ NA1 ) = ;. We do not repeat all

Case M8a:

these assumptions in Table 4.

ÆA1 = 3. In fa t, by symmetry, we an now assume that all neighbours of A, B , C and D have degree three. The orresponding pi ture is given in
Table 5. Sin e we an again assume that a 4- y le is no subgraph of our stru ture,
ea h of the vertex sets fA; B; C; Dg, fA1 ; A01 ; B1 ; B10 g, fC1 ; C10 ; D1 ; D10 g ontains
Case M8b:
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A02

A02

A01

C10

A

C

A2

A2

A1

C1

B2

B2

B1

B20
A1 A01 BCD
A1 A01 BCN D
A1 A01 BN C
A1 A01 N B
A1 N A01 B1 B10 CD
A1 N A01 B1 B10 CN D
A1 N A01 B1 B10 N C

27
18
17
05
2 10
1 11
1 10

B

D

B10

D10

D1

B20
A1 N A01 B1 N B10 CD
A1 N A01 B1 N B10 CN D
A1 N A01 B1 N B10 N C
A1 N A01 N B1 CD
A1 N A01 N B1 CN D
A1 N A01 N B1 N C
N A1 B1 B10 CD
Table 5.

1 11
1 13
1 12
1 10
1 12
1 11
29

Case M8b:

N A1 B1 B10 CN D
N A1 B1 B10 N C
N A1 B1 N B10 CD
N A1 B1 N B10 CN D
N A1 B1 N B10 N C
N A1 N B1 CD
N A1 N B1 CN D
N A1 N B1 N C
ÆA1 = 3

1 10
19
1 10
1 12
1:3976
1 11
19
1 11
1 10

four elements. The ase fA1 ; A01 ; B1 ; B10 g \ fC1 ; C10 ; D1 ; D10 g 6= ; is treated as
ase C64 in the appendix, and the ase (NA1 [ NA01 ) \ (NB1 [ NB1 ) 6= ; as C65
in the appendix. We do not repeat those assumptions in Table 5. (Horizontal
lines in the bran hing list should help to stru ture that bran hing; they do not
separate di erent bran hing lists.)
In on lusion, the analysis presented suggests that the 4- and 6- y les remain
\ riti al" when trying to get below 1:4k . We deal with them in the appendix.

5 Con lusion
We presented the rst nontrivial upper bound for CBVC, an algorithm running
in time O(1:3999k1 +k2 + (k1 + k2 )n). Sin e it is only exponential in the (usually
small) parameters k1 and k2 , it is of high pra ti al interest and ontributes to
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the list of \eÆ ient xed parameter" algorithms [9℄. As to future work, on the
one hand, it remains to provide a ompetitive implementation of our algorithm.
On the other hand, there is a variant of CBVC with three instead of two parameters, motivated by re on gurable programmable logi arrays [?℄. This problem
deserves investigations as we performed for CBVC.
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Appendix: More details on y les
The appendix ontains all arguments missing in the main part of the paper
on erning the laim that the sear h tree part of our CBVC algorithm runs in
time O(1:3999k1 +k2 ).
Cy les of length 4 in detail I: The easy

ases

As a spe ial ase, let us rst treat the ase C41 of two 4- yles y les ombined
as depi ted in Table 6. Similar to the main ase M4, we get the bran hing given
in Table 6.
Sin e graph omponents with maximum degree two will be treated by the
polynomial algorithm part following the sear h tree algorithm, this ase is of no
interest here. So, we treat the ase that there exist at least two degree-2-verti es
within the 4- y le. If there are three degree-2-verti es (Case C42), we get the
easy bran h given in Table 6.
If there are two degree-2-verti es, we have to distinguish the ases whether
those two verti es are neighboured or not (Cases C44 resp. C43). Remember
that we an always presume ÆB1 > 1 (in C44), ÆA1 ; ÆC1 > 1 (in C43) and, if
ne essary in C43, ÆB2 ; ÆC2 > 1 by the (mi ro-)tail-argument, referring then to
ases M3 and C42.
Observe that only ases C42 and C44 have a tually been used for the hain
analysis in M5 of the main part of the algorithm, so that we an assume from
now on that hains are not ontained in the subpi tures under onsideration.
Case C61: A spe ial

y le of length 6

Consider the gure given in Table 7. The bran hing is done using several subases in order to get very good bran hing ve tors. Indeed, those bran hings are
su h good that we an a ord to \ reate" a C61 subgraph by removing one neighbouring vertex X and all its (at least two) neighbours. In this way, we get the
following bran hing behaviour:
Conditions
Bran hing ve tor Basis
ÆA1 = 3; ÆC1 = 3; A1 6= C1 (6; 7; 4; 2)
1:3993
ÆA1 = 3; ÆC1 = 2; A1 6= C1 (6; 7; 4; 2)
1:3993
ÆA1 = 2; ÆC1 = 2; A2 6= C2 (6; 7; 7; 7; 2)
1:3750
A1 = C 1
(5; 4; 2)
1:3803
A2 = C 2
(5; 6; 2)
1:3248
We will refer to this as the C61-tri k in the following.
Cy les of length 4 in detail II: 4- y le

ontains only one

degree-2-vertex

The orresponding pi tures an be seen in Table 8. Sin e we would like to refer
to those pi tures in later ases, too, we sket hed an optional edge at node D. In
our ase here, of ourse, ÆD = 2 an be assumed.
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If B 2 NA2 , then one an reate a C61 situation using D as \X ".
If ÆA02 = 2 and B (or D) equals A03 , then we an reate a C61 situation using
C1 as \X ".

ad C47

Cy les of length 4 in detail III: 4- y le

ontains only degree-3-verti es

The rst ase (C48) we are going to onsider is that one 4- y le-vertex, w.l.o.g. A,
has a degree-2-neighbour. Sin e we an ex lude hains and tails, we an assume
that ÆA2 = 3, as depi ted in Table 9. Further, we an assume B; D 2= NA2 , sin e
otherwise the pi ture would in lude another 4- y le with one degree-2-vertex.
Now, we an assume in ase C49 that all 4- y le-verti es have degree-3neighbours. Assuming that all verti es in the orresponding pi ture in Table 9
are di erent, we obtain the bran hing given there, where in the rst sub olumn
of the third olumn we write the number of times symmetri ases o ur; in total
C49 ontains a bran h with sixteen di erent sons.
What equalities may o ur? If A1 = C1 or B1 = D1 , we refer to ase C41.
If A1 2 NB1 (or symmetri ases), we get the situation given in ase C49a
in Table 10. In that pi ture, if A2 = D1 , we an use the C61-tri k by taking
\X = A2 ". Otherwise, we distinguish two ases in Table 10: B2 2 NA2 and
B2 2= NA2 .
Finally, NA1 \ NC1 might be not empty (or symmetri ase NB1 \ ND1 6= ;).
If NA1 \ NC 1 ontain two ommon elements, the analysis given in ase C46
works. If NA1 \ NC 1 ontains one element, the analysis in ase ÆA2 = 2 is given
in Table 10. If ÆA2 = 3, the analysis given in Table 8 hopefully works.
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Case

Pi ture

Bran hing
A

A1
D

C41

; AC 0 2
; A1 DB 0 3

B
C

;A 12
; NA 0 3

C42
A

A1

A2

1.3248

1.3248

2

A N C1 see C41
ÆC1 = 3 AC1
1
A = N C1 AN C1 0
NA
0

1:3248
3
2
4 1:3954
;
3
Now assume ÆC1 = ÆA1 = 2
A2 6= C2 A2 C2 2 4
ÆC2 > 1 A2 N C2 2 5 1:3803
ÆA2 > 1 N A2
02

A

C43

C2
C1

;

C44

ÆB1 >

;

A
B1
Table 6.

Cy les of length four I

AB1 1 3
1 AN B1 1 4 1:3954
NA
03
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ÆA1 = 3 A1 C1
ÆC1 = 3 A1 N C1
A 1 = C 1 N A1

A1

A
B

F

E

C
D

35
26
A2
6
03
ÆA1 = 3 A1 C2
35
ÆC1 = 2 A1 N C2 3 6
X
A1 6= C1 N C2
03
ÆA1 = 2 A2 C2
35
ÆC1 = 2 A2 N C2 3 6
A2 6= C2 N A2 C2 3 6
;
N A 2 N C2 3 6
A1 = C1 A1 B
24
AC
13
A2 = C2 A2
34
C1
C2
N A2
35
Table 7. C61: A spe ial y le of length 6

1:2786
1:2786

1.2740
1.2208
1.1673
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Case

Pi ture

Bran hing

A1

= C1
see C41
1:3248
Assume now N A1 \ N C1 = ;
A1 6= C1 BA1 C1
14
;
BA1 N C1 1 5
;
BN A1 C1 1 5 1:3954
;
BN A1 N C1 0 7
;
NB
03
A1

A

C45

D

B
C

C1

A1
A
C46

C2 = A2

D

C

A1

C2 = A2

B

0

0

;
;

6= C1 A1 C1

A2 C2 AC
A2 C2 BD

02
0 4 1:3563
26

C1

A2
0

A1

A3
0

A

C47
C2

= A2

D

B
C

C1

C20
Table 8.

Cy les of length four II

C30

Assume ÆA2 = ÆA1 = ÆC1 = 3:
6
BDA2 A02 C20
27
BDA2 A02 N C20 1 8
BDA2 N A02
0 6 1:3971
2
BDN A2
05
2
AC
03
2
A2 A02 C20
25
A2 N A02 C20
26
1.3803
A2 N C20
04
;
N A2
03
B 2 N C20 A2 A02
35
ÆA02 > 1
A2 N A02
3 6 1:2786
ÆC20 = 2
N A2
03
Further, let ÆA02 = 2; then ÆA03 = 3:
A03 6= B; D BDA2 A03
15
ÆA03 = 3
BDA2 N A03
1 7 1.3911
;
BDN A2
05
;
AC
03
A02 = C20
ÆC20 = 3
ÆA02 = 3
B = N A2
B = N C20
B N C20
ÆA02 > 1
ÆC20 = 3
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Case

Pi ture

Bran hing

A2

; AC
02
; BDA2 1 4
; BDN A2 0 5

A1

C48

1:3803

A

D

B
C

A1

A

C49
D1

D

B
C

B1

C1

Table 9.

Cy les of length four III

1 A1 B1 C1 D1
4 A1 B1 C1 N D1
4 A 1 B1 N C 1 N D1
2 A1 N B1 C1 N D1
4 A 1 N B 1 N C 1 N D1
1 N A1 N B1 N C1 N D1

26
17
1 9 1.3996
08
0 10
0 12
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Case

Pi ture

Bran hing

A2
A1
B1

A

C49a
D1

B2

B

D
C

C1

A1

A02

A

C49b
C2

= A2

D1

D

B
C

C1
C20

Table 10.

Assume B2 2 N A2 :
04
1 5 1.3645
15
04
Assume B2 2= N A2 :
ACA2 B2
15
ACN A2 B2 1 7
ACN B2
05
1.3823
BDA2 B2 1 5
BDA2 N B2 1 7
BDN A2
05
A2 B1 AC
A2 B1 BD
A1 B2 AC
A1 B2 BD

Cy les of length four IV

Assume ÆA2 = 2 and ÆA02 = ÆC20 = 2:
hlineBDA03 C30 2 5
BDA03 BC30
27
1.3911
BDN A03
05
AC
02
Assume ÆA2 = 2 and ÆA02 = 3; ÆC20  2:
0
hlineBDA
B1
2 C20 2 6
0
0
BDA2 N C2
1 61.3854
BDN A02
5
AC
2

