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Abstra t. We establish re ned sear h tree te hniques for the parameterized dominating set problem on planar graphs. We derive a xed
parameter algorithm with running time O(8k n), where k is the size of
the dominating set and n is the number of verti es in the graph. For our
sear h tree, we rstly provide a set of redu tion rules. Se ondly, we prove
an intri ate bran hing theorem based on the Euler formula. In addition,
we give an example graph showing that the bound of the bran hing theorem is optimal with respe t to our redu tion rules. Our nal algorithm
is very easy (to implement); its analysis, however, is involved.
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1 Introdu tion
The parameterized dominating set problem, where we are given a graph
G = (V; E ), a parameter k and ask for a set of verti es of size at most k that
dominate all other verti es, is known to be W [2℄- omplete for general graphs [8℄.
The lass W [2℄ formalizes intra tability from the point of view of parameterized
omplexity. It is well-known that the problem restri ted to planar graphs is xed
parameter tra table. An algorithm running in time O(11k n) was laimed in [7,
8℄. The analysis of the algorithm, however, turned out to be awed; hen e, this
paper seems to give the rst ompletely orre t analysis of a xed parameter
algorithm for dominating set on planar graphs with running time O( k n) for
small onstant that even improves the previously laimed onstant onsiderably. We mention in passing that in pompanion work various approa hes that
yield algorithms of running time O( k n) for planar dominating set and
related problems were onsidered (see [1{3℄).1 Interestingly, very re ently it was
?
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shown that up to the onstant this time bound is optimal unless a very unlikely
ollapse of a parameterized omplexity hierar hy o urs [4, 5℄.
A method that has
proven to yield easy and powerful xed parameter algorithms is that of onstru ting a bounded sear h tree. Suppose we are given a graph lass G that is
losed under taking subgraphs and that guarantees a vertex of degree d for some
onstant d.2 Su h graph lasses are, e.g., given by bounded degree graphs, or
by graphs of bounded genus, and, hen e, in parti ular, by planar graphs. More
pre isely, an easy omputation shows that, e.g., the lass G (Sg ) of graphs that
are embeddable on p
an orientable surfa e Sg of genus g guarantees a vertex of
degree dg := d2(1 + 3g + 1)e for g > 0, and d0 := 5.
Consider the k -independent set problem on G , where, for given G =
(V; E ) 2 G , we seek for an independent set of size at least k . For a vertex u
with degree at most d and neighbors N (u) := fu1 ; : : : ; ud g, we an hoose one
vertex w 2 N [u℄ := fu; u1 ; : : : ; ud g to be in an optimal independent set and
ontinue the sear h on the graph G0 where we deleted N [w℄. This observation
yields a simple O((d + 1)k n) degree-bran hing sear h tree algorithm.
In the ase of k -dominating set, the situation seems more intri ate. Clearly,
again, either u or one of its neighbors an be hosen to be in an optimal dominating set. However, removing u from the graph leaves all its neighbors being
already dominated, but still also being suitable andidates for an optimal dominating set. This onsideration leads us to formulate our sear h tree pro edure
in a more general setting, where there are two kinds of verti es in our graph.
Fixed parameter algorithms based on sear h trees.

Annotated Dominating Set

Input: A bla k and white graph G = (B ℄ W; E ), and a positive integer k .
Parameter: k
Question: Is there a hoi e of at most k verti es V 0  V = B ℄ W su h that, for
every vertex u 2 B , there is a vertex u0 2 N [u℄ \ V 0 ? In other words, is there a
set of k verti es (whi h may be either bla k or white) that dominates the set of
all bla k verti es?

In ea h step of the sear h tree, we would like to bran h a ording to a low
degree bla k vertex. By our assumptions on the graph lass, we an guarantee
the existen e of a vertex u 2 B ℄ W with deg(u)  d. However, as long as not
all verti es have degree bounded by d (as, e.g., the ase for graphs of bounded
genus g , where only the existen e of a vertex of degree at most dg is known), this
vertex need not ne essarily be bla k. These onsiderations show that a dire t
O((d + 1)k n) sear h tree algorithm for dominating set seems out of rea h for
su h graph lasses.
In this paper, we present a xed parameter algorithm for (annoon planar graphs with running time O(8k n). For that
purpose, we provide a set of redu tion rules and, then, use a sear h tree in whi h
we are onstantly simplifying the instan e a ording to the redu tion rules (see

Our results.

tated) dominating set

2

This means that, for ea h G = (V; E ) 2 G , there exists a u 2 V with degG (u)  d.
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Subse tion 3.1). The bran hing in the sear h tree will be done with respe t to
low degree verti es. The analysis of this algorithm will be arried out in a new
bran hing theorem (see Subse tion 3.2) whi h is based on the Euler formula for
planar graphs. In addition, we give an example showing that the bound of the
bran hing theorem is optimal (see Se tion 3.3). Finally, it is worth noting here
that the algorithm we present is very simple and easy to implement.
Due to the la k of spa e, several proof details had to be omitted.

2 Preliminaries
We assume familiarity with basi notions and on epts in graph theory, see,
e.g., [6℄. For a graph G = (V; E ) and a vertex u 2 V , we use N (u) and N [u℄,
respe tively, to denote the open and losed neighborhood of u, respe tively. By
degG (u) := jNG (u)j, we denote the degree of the vertex u in G. A pendant vertex
is a vertex of degree one. For V 0  V , the indu ed subgraph of V 0 is denoted
by G[V 0 ℄. In parti ular, we use the abbreviation G V 0 := G[V n V 0 ℄. If V 0 is
a singleton, then we omit bra kets and simply write G v for a vertex v . In
addition, we write G e or G + e when we delete or add an edge e to G without
hanging the vertex set of G.
Let G be a onne ted planar graph, i.e., a onne ted graph that admits
a rossing-free embedding in the plane. Su h an embedding is alled a plane
embedding. A planar graph together with a plane embedding is alled a plane
graph. Note that a plane graph an be seen as a subset of the Eu lidean plane R2 .
The set R2 n G is open; its regions are the fa es of G. Let F be the set of fa es
of a plane graph. The size of a fa e F 2 F is the number of verti es on the
boundary of the fa e. A triangular fa e is a fa e of size three. If G is a plane
graph and V 0  V , then G[V 0 ℄ and G V 0 an be always onsidered as plane
graphs with an embedding inherited by the embedding of G.

3 The algorithm and its analysis
Our algorithm is based on redu tion rules (see Subse tion 3.1) and an improved
bran hing theorem (see Subse tion 3.2). With respe t to our set of redu tion
rules, we show optimality for the bran hing theorem (see Subse tion 3.3).
3.1

Redu tion rules

We onsider the following redu tion rules for simplifying the annotated planar dominating set problem. In developing the sear h tree, we will always
assume that we are bran hing from a redu ed instan e (thus, we are onstantly
simplifying the instan e a ording to the redu tion rules).3 When a vertex u is
3

The idea of doing so- alled rekernelizations (i.e., repeated appli ation of redu tion
rules) while onstru ting the sear h tree was already exhibited in [9, 10℄ in a somewhat di erent ontext.
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pla ed in the dominating set D by a redu tion rule, then the target size k for D
is redu ed to k 1 and the neighbors of u are whitened.
Delete edges between white verti es.
Delete a pendant white vertex.
(R3) If there is a pendant bla k vertex w with neighbor u (either bla k or
white), then delete w, pla e u in the dominating set, and lower k to k 1.
(R4) If there is a white vertex u of degree 2, with two bla k neighbors u1 and
u2 onne ted by an edge fu1; u2 g, then delete u.
(R5) If there is a white vertex u of degree 2, with bla k neighbors u1 ; u3 , and
there is a bla k vertex u2 and edges fu1 ; u2 g and fu2 ; u3 g in G, then delete u.
(R6) If there is a white vertex u of degree 2, with bla k neighbors u1 ; u3 , and
there is a white vertex u2 and edges fu1 ; u2 g and fu2 ; u3 g in G, then delete u.
(R7) If there is a white vertex u of degree 3, with bla k neighbors u1 ; u2 ; u3 for
whi h the edges fu1 ; u2 g and fu2 ; u3 g are present in G (and possibly also
fu1; u3 g), then delete u.
(R1)

(R2)

Let us all a set of simplifying redu tion rules of a ertain problem sound
if, whenever (G; k ) is some problem instan e and instan e (G0 ; k 0 ) is obtained
from (G; k ) by applying one of the redu tion rules, then (G; k ) has a solution i
(G0 ; k 0 ) has a solution. A simple ase analysis shows:
Lemma 3.1.

ut

The redu tion rules are sound.

Suppose that G is a redu ed graph, that is, none of the above redu tion rules
an be applied. By using the rules (R1), (R2), (R4) and (R7), we an show:
Let G = (B ℄ W; E ) be a plane bla k and white graph. If G is
redu ed, then the white verti es form an independent set and every triangular
fa e of G[B ℄ is empty.
ut

Lemma 3.2.

3.2

A new bran hing theorem

Theorem 3.3. If G = (B ℄ W; E ) is a planar bla k and white graph that is
redu ed, then there exists a bla k vertex u 2 B with degG (u)  7.

The following te hni al lemma, based on an \Euler argument," will be needed.
Note that if there is any ounterexample to the theorem, then there is a onne ted ounterexample.
Suppose G = (B ℄W; E ) is a onne ted plane bla k and white graph
with b bla k verti es, w white verti es, and e edges. Let the subgraph indu ed by
the bla k verti es be denoted H = G[B ℄. Let H denote the number of omponents
of H and let fH denote the number of fa es of H . Let

Lemma 3.4.

z = 3(b + w) 6



e

(1)
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measure the extent to whi h G fails to be a triangulation of the plane. If the
riterion

3w

4b

z + fH

H

<7

(2)

is satis ed, then there exists a bla k vertex u 2 B with degG (u)  7.
Proof. Let the (total) numbers of verti es, edges and fa es of G be denoted v; e; f
respe tively. Let ebw be the number of edges in G between bla k and white, and
let ebb denote the number of edges between bla k and bla k. With this notation,
we have the following relationships.

v e+f =2
v =b+w
e = ebb + ebw
b ebb + fH = 1 + H
2v 4 z = f

(Euler formula for G)
((extended) Euler formula for H )
(by Eq. (1), (4), and (5))

(3)
(4)
(5)
(6)
(7)

If the lemma were false, then we would have, using (5),
8b

 2ebb + ebw

= ebb + e:

(8)

We will assume this and derive a ontradi tion. The following inequality holds:
3+

H

= v + b (ebb + e) + f + fH
 v + b 8b + f + fH
= 3v 7b + fH 4 z
= 3w 4b + fH 4 z:

This yields a ontradi tion to 2.

(by (3) and (6))
(by (8))
(by (7))
(by (4))

ut

Proving Theorem 3.3 by ontradi tion, it will be helpful to know that a
orresponding graph has to be onne ted and has minimum degree 3.
If there is any ounterexample to Theorem 3.3, then there is a
onne ted ounterexample where degG (u)  3 for all u 2 W .

Lemma 3.5.

Proof. Suppose G is a ounterexample to the theorem. Then, G does not have
any white verti es of degree 1, else redu tion rule (R2) an be applied. Let G0 be
obtained from G by simultaneously repla ing every white vertex u of degree 2
with neighbors x and y by an edge fx; y g. The neighbors x and y of u are
ne essarily bla k, else (R1) an be applied, and in ea h ase the edge fx; y g
is not already present in G, else rule (R4) would apply. We argue that G0 is
redu ed. If not, then the only possibility is that redu tion rule (R7) applies to
some white vertex u of degree 3 in G0 . If rule (R7) did not apply to u in G,
then one of the edges between the neighbors of u must have been reated in our
derivation of G0 from G, i.e., one of these edges repla ed a white vertex u0 of
degree 2. But this implies that redu tion rule (R6) ould be applied in G to u0 ,
ontradi ting that G is redu ed.
ut
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Before giving the proof of Theorem 3.3, we introdu e the following notation:

Notation: Let G = (B ℄ W; E ) be a plane bla k and white graph and let F be
the set of fa es of G[B ℄. Then, for ea h F 2 F , we let

 wF denote the number of white verti es embedded in F ,
 zF denote the number of edges that would have to be added in order to

omplete a triangulation of that part of the embedding of G ontained in F ,
denote the number of edges needed to triangulate F in G[B ℄ (that is,
triangulating only between the bla k verti es on the boundary of F , and
noting that the boundary of F may not be onne ted), and
F denote the number of omponents of the boundary of F , minus 1.

 tF


Observe that the numbers zF and tF are indeed well-de ned. This an be shown
by using [6, Proposition 4.2.6℄.
Proof (of Theorem 3.3). We an assume that if there is a ounterexample G
then G is onne ted, but the bla k subgraph H := G[B ℄ might not be onne ted.
Moreover, by Lemma 3.5 we may assume that degG (u)  3 for all u 2 W . If H
denotes thePnumber of omponents of H , by indu tion on H , it is easy to see that
1 = F 2F FP: Also, if z is the number of edges needed to triangulate G,
H
we learly get z = F 2F zF : The riterion (2) established by Lemma 3.4 an be
rephrased as
X
X
3
wF
zF 4b + fH H < 7;
F 2F

F 2F

whi h is equivalent to
3

X
F 2F

( wF +

F =3

zF =3 + 1=3)

4b

2

H

< 6:

Now, assume that we an show the inequality

wF +

F =3

zF =3 + 1=3

 tF +

(9)

for some onstants and and for every fa e F of the subgraph H . Call this
our linear bound assumption. Then, riterion (2) will hold if
3

X
F 2F

( tF + )

Noting that

4b

P

F 2F tF

2

H

= 3

X
F 2F

!

tF + 3

X
F 2F

!

4b

1

2

H

< 6:

is the number of edges needed to triangulate H , we have
X
F 2F

tF = 3b 6 ebb :

P

The number of fa es of H is F 2F 1 = fH = ebb b + 1 + H , by Euler's
formula (7). Together, these give us the following targeted riterion:
3 (3b

6

ebb ) + 3 (ebb b + 1 +

H)

4b

2

H

< 6:
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Multiplying out and gathering terms, we need to establish (using the linear
bound assumption), that

b(9

3

4) + ebb (3

3 ) + 3 (1 +

H)

18

2

H

< 6:

This inequality is easily veri ed for = = 2=3.
To omplete the argument, we need to establish that the linear bound assumption (9) with = = 2=3 holds for fa es of redu ed graphs, i.e., that

wF +

F =3

zF =3  2tF =3 + 1=3:

But this is a onsequen e of the following Propositions 3.6 and 3.8.

(10)

ut

Proposition 3.6. Let G = (B ℄ W; E ) be a redu ed plane bla k and white graph
and let F be a fa e of G[B ℄. Then, using the notation above, we have wF + F 
zF + 1.

Proof. Consider the \fa e-graph" GF := G[BF [ WF ℄, where BF is the set of
bla k verti es forming the boundary of F and WF is the set of white verti es
inside F . Note that GF may onsist of several \bla k omponents," onne ted
among themselves through white verti es. Contra ting ea h of these bla k omponents into one (bla k) vertex, we obtain the bipartite graph G0F . Note that
both the bla k and also the white verti es form independent sets in G0F . Clearly,
G0F is still planar. Sin e G0F is a bipartite planar graph, preserving planarity it is
easy to show that we an onne t the white verti es among themselves by a tree
of wF 1 white white edges and that we an onne t the bla k verti es among
themselves by a tree of F bla k bla k edges. Clearly, this implies that we an
also add at least F + wF 1 new edges to GF without destroying planarity.
Hen e, we need at least F + wF 1 additional edges to triangulate the interior
of F in the graph G.
ut
Property 3.7. If F1 and F2 are two fa es of G[B ℄ with ommon boundary edge e,
then tF1 + tF2 + 1 equals tF , where we now onsider (G e)[B ℄, and F is the
fa e whi h results from merging F1 and F2 when deleting e.
Suppose G = (B ℄ W; E ) is a redu ed plane bla k and white
graph, with deg(u)  3 for all u 2 W . Let F be a fa e of G[B ℄. Then, using the
notation above, wF  tF .

Proposition 3.8.

Proof. Consider a redu ed bla k and white graph G = (B ℄ W; E ) with deg(u) 
3 for all u 2 W . If there is some u 2 W with deg(u) > 4, then delete arbitrarily all edges in ident with u but four of them. While preserving the bla k
indu ed subgraph, the resulting graph is still redu ed, sin e no rules apply to
white degree-4-verti es. Therefore, we an assume from now on without loss of
generality that all white verti es of G have maximum degree of four.
We will now show the laim by indu tion on the number #w4 of white verti es
of degree four. The hardest part is the indu tion base, whi h is deferred to the
subsequent Lemma 3.9. Assume that the laim was shown for ea h graph with
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#w4  ` and assume now that G has ` + 1 white degree-4-verti es. Choose some
arbitrary u 2 W with deg(u) = 4. Let fb1 ; : : : ; b4 g be the lo kwisely ordered
neighbors of u. Due to planarity, we may assume further that fb1 ; b3 g 2= E
without loss of generality. Consider now G0 = (G u) + fb1 ; b3 g. We prove below
that G0 (or G00 = (G u) + fb2 ; b4 g in one spe ial ase) is redu ed. This means
that the indu tion hypothesis applies to G0 . Hen e, wF  tF for all fa es in
G0 [B ℄. Observe that G0 ontains all the fa es of G ex ept from the fa e F of G
whi h ontains u; F might be repla ed by two fa es F1 and F2 with ommon
boundary edge fb1 ; b3 g. In this ase, wF1  tF1 , wF2  tF2 , wF1 + wF2 + 1 = wF
and, by Property 3.7, tF1 + tF2 + 1 = tF . Hen e, wF  tF by indu tion. In the
ase where fa e F still exists in G0 it is trivial to see that wF  tF .
To omplete the proof, we argue why G0 has to be redu ed. Obviously, this
is lear if 8bi 8v 2 N (bi ) deg(v ) = 4, sin e no redu tion rules apply to degree-4verti es. We now dis uss the ase that u has degree-3-verti es as neighbors.
1. If a degree-3-vertex is neighbor of some bi , but not of bj , j 6= i, then no
redu tion rule is triggered when onstru ting G0 .
2. Consider the ase that a degree-3-vertex is neighbor of two bi ; bj , i 6= j . We
an assume that fi; j g 6= f1; 3g, sin e otherwise fb2 ; b4 g 2= E and we ould
onsider G00 = (G u) + fb2 ; b4 g instead of G0 with a argument similar
to the ase fi; j g = f1; 3g. If fi; j g = f1; 3g, then G0 is learly redu ed. If
fi; j g = f1; 2g (or, more generally, jfi; j g \ f1; 3g = 1j), then no redu tion
rules are triggered when passing from G to G0 .
3. If a degree-3-vertex is neighbor of three bi ; bj ; bk , then a reasoning similar to
the one in the previous point applies.

ut

This on ludes the proof of the proposition.

The following lemma serves as the indu tion base in the proof of Proposition 3.8.
Suppose G = (B ℄ W; E ) is a redu ed plane bla k and white graph,
with deg(u) = 3 for all u 2 W . Let F be a fa e of G[B ℄. Then, using the notation
above, wF  tF .

Lemma 3.9.

Proof. (Sket h) Let us onsider a xed planar embedding of the graph G, and
onsider a fa e F of the bla k indu ed subgraph G[B ℄. Let WF  W be the set
of white verti es in the interior of F , and let BF  B denote the bla k verti es
on the boundary of F . We want to nd at least jWF j many bla k bla k edges
that an be added to G[B ℄ inside F . For that purpose, de ne the set


E poss := e = fb1 ; b2g j b1 ; b2 2 BF

^ e 2= E (G[B ℄)

of non-existing bla k bla k edges.
For a subset W 0  WF we onstru t a bipartite graph H (W 0 ) := (W 0 [
T (W 0 ); E (W 0 )) as follows. In H (W 0 ), the rst bipartition set is formed by the
verti es W 0 and the se ond one is given by the set


T (W 0 ) := e = fb1; b2 g 2 E poss j 9u 2 W 0 : e  NG (u) :
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b1
u2

u1
z1

z2 D1 D2

um

1

zm 1 Dm

1

um
zm

b2
Fig. 1.

Illustration of a diamond D generated by a pair verti es fb1 ; b2 g 2 T (WF ).

The edges in H (W 0 ) are then given by

E (W 0 ) :=



fu; eg j u 2 W 0 ; e 2 T (W 0 ); e  NG (u) :

In this way, the set T (W 0 ) gives us verti es in H (W 0 ) that orrespond to pairs
e = fb1 ; b2 g of bla k verti es in BF between whi h we still an draw an edge
in G[B ℄. Note that the edge e an even be drawn in the interior of F , sin e b1
and b2 are onne ted by a white vertex in W 0  WF . This means that

jT (WF )j  tF :
(11)
Due to redu tion rule (R7), for ea h u 2 WF , the neighbors N (u)  BF are
onne ted by at most one edge in G[B ℄. By onstru tion of H (WF ), we nd:
degH (WF ) (u)  2

8u 2 WF :
(12)
The degree degH WF (e) for an element e = fb ; b g 2 T (WF ) tells us how many
white verti es share the pair fb ; b g as ommon neighbors. We do ase analysis
(

1

)

a ording to this degree.

1

2

2

Suppose degH (WF ) (e)  2 for all e 2 T (WF ), then H (WF ) is a bipartite
graph, in whi h the rst bipartition set has degree at least two (see Eq. (12))
and the se ond bipartition set has degree at most two. In this way, the se ond
set annot be smaller, whi h yields

Case 1:

wF = jWF j

(11)

 jT (WF )j  tF :

Case 2: There exist elements e = fb1 ; b2 g in T (WF ) whi h are shared as ommon
neighbors by more than 2 white verti es (i.e., degH (WF ) (e) = m > 2). Suppose
we have u1 ; : : : ; um 2 WF with NG (ui ) = fb1 ; b2 ; zi g (i.e., fui ; eg 2 E (WF )). We
may assume that the verti es are ordered su h that the losed region D bounded
by fb1 ; u1 ; b2 ; um g ontains all other verti es u2 ; : : : ; um 1 (see Figure 1).
We all D the diamond generated by fb1 ; b2 g. Note that D onsists of m
1 regions, whi h we all blo ks in the following; the blo k Di is bounded by
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fb1; ui ; b2 ; ui+1 g (i = 1; : : : ; m 1). Let Wi  WF , and Bi  BF , respe tively,
denote the white and bla k, respe tively, verti es that lie in Di . For the boundary
verti es fb1 ; b2 ; u1 ; : : : ; um g we use the following onvention: b1 ; b2 are added to
all blo ks, i.e., b1 ; b2 2 Bi for all i; and ui is added to the region where its third
neighbor zi lies in. A S
blo k is alled empty S
if Bi = fb1 ; b2 g and, hen e, Wi = ;.
1
m 1
W
and
B
:=
Moreover, let WD := m
i
D
i=1
i=1 Bi .
We only onsider diamonds, where z1 and zm are not ontained in D (see
Figure 1). The other ases an be treated with similar arguments.
Note that ea h blo k of a diamond D may ontain further diamonds, the
blo ks of whi h may ontain further diamonds, and so on. Sin e no diamonds
overlap, the topologi al in lusion forms a natural ordering on the set of diamonds
and their blo ks.
We an show the following laim by indu tion on the diamond stru ture:
Claim: For ea h diamond D generated by fb1 ; b2 g, we an add tD (where tD 
jWD j) many bla k bla k edges to G[B ℄ other than fb1; b2 g. All of these additional
edges an be drawn inside D so that fb1 ; b2 g still an be drawn.

Using this laim, we an nish the proof of the indu tion base of the proposition: Consider all diamonds D1 ; : : : ; Dr whi h are not ontained in any further diamond. Suppose Di has boundary fbi1 ; ui1 ; bi2 ; uimi g with bi1 ; bi2 2 BF and
ui1 ; uimi 2 WF . Let

WF0 := WF n (

r
[

i=1

WDi ):

P

A ording to the laim we already found ri=1 tDi many bla k bla k edges in
E poss inside the diamonds Di . Observe that ea h pair ei = fbi1; bi2 g is only shared
as ommon neighbors by at most two white verti es (namely, ui1 and uimi ) in (si !)
WF0 . Hen e, the bipartite graph H (WF0 ) again has the property that



degH (WF ) (e)  2 for all e 2 T (WF0 ) and still



degH (WF ) (u)  2 for all u 2 WF0 .4

0

0

Similar to \Case 1" this proves that|additionally|we nd t0 (with t0  jWF0 j)
many edges in E poss . Hen e,

wF = jWF j = jWF0 j +

r
[
i=1

WD i

 t0 + (

r
X
i=1

tDi )

 tF :

ut

Using Theorem 3.3 for the onstru tion of a sear h tree as elaborated in
Se tion 1, we on lude:
Theorem 3.10.

in time O(8k n).

(Annotated) dominating set on

planar graphs an be solved

ut
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A redu ed graph with all bla k verti es having degree 7, thus showing the
optimality of the bound derived in our bran hing theorem.

Fig. 2.

3.3

Optimality of the bran hing theorem

We on lude this se tion by the observation that with respe t to the set of
redu tion rules introdu ed above the upper bound in our bran hing theorem is
optimal. More pre isely, there exists a plane redu ed bla k and white graph with
the property that all bla k verti es have degree at least 7. Su h a graph is shown
in Figure 2. Moreover, this example an be generalized towards an in nite set of
plane graphs with the property that all bla k verti es have degree at least 7. The
given example is the smallest of all graphs in this lass. It is an interesting and
hallenging task to ask for further redu tion rules that would yield a provably
better onstant in the bran hing theorem. For example, one might think of the
following generalization of redu tion rule (R6):
If there are white verti es u1 ; u2
delete u1 .

(R6')

2W

with NG (u1 )

 NG(u ),
2

then

However, the graph in Figure 2 is redu ed even with respe t to rule (R6').
We leave it as an open question to ome up with further redu tion rules su h
that the graph of Figure 2 is no longer redu ed.

4 Con lusion and open questions
In this paper, we gave the rst sear h tree algorithm proven to be orre t for
the dominating set problem on planar graphs. It improves on the original,
4

Note that a ording to the laim the edges fbi1 ; bi2 g still an be used.
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awed theorem stating an exponential term 11k , whi h is now lowered to 8k .
Unfortunately, the proof of orre tness has be ome onsiderably more involved
and fairly te hni al.
Our work suggests several dire tions for future resear h:






Can we improve the bran hing theorem by adding further, more involved
redu tion rules?
Finding a so- alled problem kernel (see [8℄ for details) of polynomial size
p(k) for dominating set on planar graphs in time TK (n; k) would improve
the running time to O(8k + TK (n; k )) using the interleaving te hnique analyzed in [10℄. Currently, we even hope for a linear size problem kernel for
dominating set on planar graphs.
Sin e our results for the sear h tree itself are based on the Euler formula, a
generalization to the lass of graphs G (Sg ) (allowing a rossing-free embedding on an orientable surfa e Sg of genus g ) seems likely.
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