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is one of the ore problems in the eld of
onsensus word analysis with parti ular importan e for omputational
biology. Given k strings of same length and a positive integer d, nd
a \ losest string" s su h that none of the given strings has Hamming
distan e greater than d from s. Closest String is NP- omplete. We
show how to solve Closest String in linear time for onstant d (the
exponential growth is O(dd )). We extend this result to the losely related problems d-Mismat h and Distinguishing String Sele tion.
Moreover, we dis uss xed parameter tra tability for parameter k and
give an eÆ ient linear time algorithm for Closest String when k = 3.
Finally, the pra ti al usefulness of our ndings is substantiated by some
experimental results.

Abstra t. Closest String

1 Introdu tion
Finding signals in DNA is a major problem in omputational biology. A re ently
intensively studied fa et of this problem is based on onsensus word analysis [10,
Se tion 8.6℄. A entral problem herein is the so- alled Closest String (or,
equivalently, Consensus String or Center String) problem: Given k strings
s1; s2; : : : ; sk over alphabet  of length L ea h, and a positive integer d, is there
a string s su h that dH (s; si )  d for all i = 1; : : : ; k ? Here, dH (s; si ) denotes the
Hamming distan e between strings s and si . Related problems we also study here
are the d-Mismat h problem (whi h generalizes Closest String in the way
that we look for enter strings of aligned substrings of a given set of strings) [11,
12℄ and the so- alled Distinguishing String Sele tion problem [6℄ (for a
brief overview on biologi al appli ations on erning signal nding and primer
design refer to, e.g., [6℄). All these problems are, in general, NP-hard [4, 6℄1 .
?
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it from the viewpoint of oding theory (so- alled Minimum Radius problem).
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Despite their hardness, these problems need to be solved in pra ti e. Li et al. [9℄
gave a polynomial time approximation s heme (PTAS) for Closest String.
The onstants and polynomials o urring in the running time, however, make
this result of little pra ti al value. Another very promising approa h is to study
the parameterized omplexity [1, 2℄ of these problems. Consider the two most
natural parameters of Closest String: the maximum Hamming distan e d
allowed and the number k of given input strings. Under the natural assumption
that either d or k is (very) small (in parti ular, in biologi al appli ations it is
appropriate to assume small d, e.g., d < 10 [3℄), it is important to ask whether
eÆ ient polynomial or even better linear time algorithms are possible when d
or k are onstants. Put in slightly more general terms, this is the question for
the xed parameter tra tability of these problems.
We present the following results. Closest String an be solved in time O(kL +
kd  dd), yielding a linear time sear h tree algorithm for onstant d. This answers
the open question of Evans and Wareham [3℄ for the parameterized omplexity of
Closest String with parameter d. Furthermore, we an generalize our result
to d-Mismat h, improving work and positively answering an open question of
Stojanovi et al. [11℄, where a linear time algorithm for only d = 1 was given.
Also, our result is extendible to Distinguishing String Sele tion, for whi h
we an derive a linear time algorithm in ase of onstant distan e parameters
and onstant alphabet size. Our se ond, te hni ally more involved main result
is that Closest String an be solved eÆ iently in linear time for k = 3.
Using an integer linear program formulation, we an observe that the problem
is xed parameter tra table with respe t to k |the exponential term in k is
huge, however. Finally, we indi ate the pra ti al usefulness and potential of our
algorithms by some experimental results based on implementations of our linear
time algorithm for onstant d. Due to the la k of spa e, we omit some proofs
and details.

2 Preliminaries
For a string s of length L, we use s[p℄, 1  p  L, to denote the hara ter at
position p in s. Then, dH (si ; sj ) denotes the Hamming distan e between strings
si and sj of same length L, i.e., jf p j si[p℄ 6= sj [p℄ gj. Given a set of strings S =
fs1 ; s2 ; : : :; sk g, ea h string of length L, then a string s is an optimal losest string
for S i there is no string s0 with maxi=1;:::;k dH (s0 ; si ) < maxi=1;:::;k dH (s; si ).
By way P
of ontrast, s is an optimal median string for S i there is no string
s0 with i=1;:::;k dH (s0 ; si) < Pi=1;:::;k dH (s; si ). An optimal median string for
S = fs1; s2; : : : ; sk g an be omputed by hoosing in every olumn the letter
o urring most often. We all this a majority vote ; it, however, is not ne essarily
unique.
Given a set of k strings of length L, we an think of these strings as a k  L
hara ter matrix. The olumns of a Closest String instan e are the olumns
of this matrix. For reordering the olumns, we use a permutation on strings as
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follows. Given a string s = 1 2 : : : L with 1 ; : : : ; L 2  for alphabet  and a
permutation  : f1; : : :; Lg ! f1; : : :; Lg. Then,  (s) = (1) (2) : : : (L) .

Given a set of strings S = fs1 ; s2 ; : : :; sk g, ea h of length L, and a
permutation  : f1; : : :; Lg ! f1; : : :; Lg. Then s is an optimal losest string for
fs1 ; s2 ; : : :; sk g i (s) is an optimal losest string for f(s1 ); (s2 ); : : :; (sk )g.

Lemma 1

Several olumns an be identi ed due to isomorphism . The reason for this is
the fa t that the olumns are independent from ea h other in the sense that the
distan e from the losest string is measured olumnwise. For instan e, onsider
the ase of the two olumns (a; a; b)t and (b; b; a)t when k = 3. Clearly, these
two olumns are isomorphi . Isomorphi olumns form olumn types.
This an be generalized as follows. W.l.o.g., let a always denote the letter that
o urs in a olumn most often, let b always denote the letter that has the se ond
most often o urren es and so on. This property of being normalized an be
easily a hieved by a simple linear time prepro essing of the input instan e. In
addition, solving the normalized problem optimally, one again an ompute the
optimal solution of the original problem instan e by simply reversing the above
mapping done by the prepro essing. Hen e:

To ompute an optimal losest string, it is suÆ ient to solve a normalized and reordered instan e. From this, the solution of the original instan e
an be derived in linear time.

Lemma 2

In the following, we all two input instan es isomorphi if there is a one-toone orresponden e between the olumns of both instan es su h that ea h thus
determined pair of olumns is isomorphi .

A Closest String instan e with arbitrary alphabet  , j j > k, is
isomorphi to a Closest String instan e with alphabet  0 , j 0 j = k.

Lemma 3

With the following observation by Evans and Wareham [3℄, we nd that it is
suÆ ient to solve instan es ontaining less than kd olumns. This yields a soalled \redu tion to problem kernel" [1, 2℄. We all a olumn dirty i it ontains
at least two di erent symbols from alphabet  . Clearly, \all the work" in solving
Closest String on entrates on the dirty olumns of the input instan e.

Lemma 4 Given a Closest String instan e with k strings of length L and
integer d. If the resulting k  L matrix has more than kd dirty olumns, then
there is no solution to this instan e.

3 A linear time solution for onstant d and appli ations
We show that Closest String, although NP- omplete in general, is solvable
in linear time for onstant d, dis uss heuristi improvements, and apply this
result to the related problems of d-Mismat h and Distinguishing String
Sele tion.
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CSd (s; d)
Global variables: Set of strings S = fs1 ; s2 ; : : : ; sk g, integer d.
Input: Candidate string s and integer d.
Output: A string s^ with maxi=1;:::;k dH (^s; si )  d and dH (^s; s)  d, if it exists, and
\not found," otherwise.

Algorithm D, re ursive pro edure

(D0)
(D1)
(D2)
(D3)

If (d < 0), then return \not found";
If (dH (s; si ) > d + d) for some i 2 f1; : : : ; kg, then return \not found";
If (dH (s; si )  d) for all i = 1; : : : ; k, then return s;
Choose i 2 f1; : : : ; kg su h that dH (s; si ) > d:
P := f p j s[p℄ 6= si [p℄ g;
Choose any P  P with jP j = d + 1;
For all p 2 P do
s := s;
s [p℄ := si [p℄;
sret := CSd (s ; d 1);
If sret 6=\not found", then return sret ;
Return \not found"
0

0

0

0

0

0

(D4)

Fig. 1. Algorithm D.

Inputs are a Closest String instan e onsisting of a set of
strings S = fs1 ; s2 ; : : : ; sk g of length L, and an integer d. First, we perform a preproessing performing the redu tion to problem kernel as shown in Lemma 4: We sele t
the dirty olumns. If there are more than kd many, then we reje t the instan e. If there
are at most kd many, then we invoke the re ursion with CSd (s1 ; d).
3.1

Bounded sear h tree algorithm

In Fig. 1, we outline a re ursive algorithm solving Closest String. It is based
on the well-known bounded sear h tree paradigm oftenly su essfully applied in
parameterized omplexity [1, 2℄. For the orre tness of the algorithm, we need
the following simple observation.

Given a set of strings S = fs1 ; s2 ; : : : ; sk g and a positive integer d.
i; j 2 f1; : : :; kg with dH (si ; sj ) > 2d, then there is no string s with
maxi=1;:::;k dH (s; si )  d.

Lemma 5

If there are

Theorem 1

Algorithm D solves

Proof. (Sket h) Running

Closest String

in time O(kL + kd  dd ).

time. Prior to the re ursion, we perform the redu tion to problem kernel as des ribed in Lemma 4. This prepro essing, redu ing
the size of the input instan e to kd, an be done in time O(kL). Now, we onsider the re ursive part of the algorithm. Parameter d is initialized to d. Every
re ursive all de reases d by one. The algorithm stops when d < 0. Therefore, the algorithm builds a sear h tree of height at most d. In one step of the
re ursion, the algorithm hooses, given the urrent andidate string s, a string
si su h that dH (s; si) > d. It reates a sub ase for d + 1 of the positions in
whi h s and si disagree (there are more than d but at most 2d su h positions).
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This yields an upper bound of (d + 1)d on the sear h tree size. Every step of the
re ursion only needs linear time O(kd). Before starting the re ursion, we build
a table ontaining the distan es of the andidate s to all other given strings
in time O(kd). Using this table, instru tions (D1) and (D2) an be done in
time O(k ). In instru tion (D3), we need time O(k ) to sele t the si for bran hing and time O(kd) to nd the positions in whi h s and si di er. For d + 1 of
the di ering positions we modify the andidate, update the table of distan es,
and all the pro edure re ursively. Sin e we hanged only one position, we an
update the table of distan es in time O(k ).
Corre tness. We have to show that Algorithm D will nd a string s with
maxi=1;:::;k dH (s; si )  d, if one exists. Here, we expli itly show only the orre tness of the rst re ursive step; the orre tness of the algorithm then follows
with an indu tive appli ation of the argument.
In the situation that s1 satis es maxi=1;:::;k dH (s1 ; si )  d, we immediately nd
a solution, namely s1 . If s1 is not a solution but there exists a losest string s for
this instan e with distan e value d, then there is a string si , i = 2; : : :; k , su h
that dH (s1 ; si ) > d. For bran hing, we onsider the positions where s1 and si
di er, i.e., P := f p j s1 [p℄ 6= si [p℄ g. Algorithm D su essively reates sub ases
for d + 1 positions p from P in order to reate a new andidate by altering the
respe tive position p from s1 [p℄ to si [p℄. Su h a \move" is orre t if we hoose
a position p from P1 := f p j s1 [p℄ 6= s[p℄ = si [p℄ g. Now, we show that (at
least) one of our d + 1 moves is a orre t one. We observe that P = P1 [ P2
for P2 := f p j s[p℄ 6= si [p℄ g. Sin e dH (s; si )  d, we know that jP2 j  d.
Therefore, at least one of our d+1 sub ases will try a position from P1 . Regarding
instru tion (D1), we an analogously to Lemma 5 observe that it is orre t to
omit those bran hes where the andidate string s satis es dH (s; si ) > d + d for
some string si of the given strings s1 ; : : : ; sk .
ut
With Algorithm D, we an nd a solution if one exists. We nd all solutions if the
given distan e parameter d is optimal. We do not ne essarily nd all solutions
to a given instan e when d is not optimal. Using binary sear h, however, we an
nd the optimal distan e value  d at the ost of a onstant time fa tor.
Finally, we note that we an further improve the exponential term dd signi antly
by asymptoti onsiderations. We defer this to the long version of the paper.
3.2

Heuristi improvements

Sin e the sear h tree size is the riti al omponent in the algorithm's running
time, the goal is to keep it as small as possible. Keeping in mind the initial
andidate string, there is no use in hanging a position that has already been
hanged before. In addition, we store all hara ters that have been tried on the
same or a higher level of re ursion (and restored again after the orresponding
bran h of the sear h tree has been visited); there are at most k many for every
position. For bran hing, we onsider only setting a hara ter at a position if we
didn't already try this hara ter on the same or a higher level of re ursion.
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Con erning bran hing, a good strategy seems to be to sele t, of the strings si ,
i = 1; : : : ; k with dH (s; si ) > d, the string with maximal dH (s; si). Moreover,
sin e we sear h the solution in the neighborhood of the initial s, a good hoi e is
an s whi h is presumably lose to the (unknown) solutions. A possible strategy
is to sele t the string with a minimum median distan e to all other strings.
3.3

Enhan ements and related problems

As mentioned before, our basi algorithm does not nd all solutions. We an,
however, modify it in order to deliver all solutions in time generally better than
a trivial brute for e approa h. We omit the details.

Solving d-Mismat h. Let si;p;L denote the length-L substring of a given string si

starting at position p. Then, given strings s1 ; s2 ; : : : ; sk of length n and integers L
and d, the d-Mismat h problem is the question of whether there is a string s
of length L and a position p with 1  p  n L + 1, su h that dH (s; si;p;L )  d
for all i = 1; : : : ; k . We a hieve a linear running time for onstant d as follows.
We use the problem kernel of size kd for Closest String as given in Lemma 4.
Considering only the rst L olumns of the n  k matrix, we an, in time O(kL),
build a FIFO queue of dirty olumns. We update this queue when shifting the
window of L onse utive olumns under onsideration from position p ( ontaining olumns p to p + L 1) to position p + 1 in time O(k ): (1) If olumn p is
dirty, we delete it from the front end of the queue. (2) If the \new" olumn p + L
is dirty, we append it to the ba k end of the queue. Thus, we an maintain the
queue of dirty olumns, at ea h position taking only time O(k ). After a oneposition-shift in the n  k matrix, Algorithm D is invoked on the olumns in the
queue only if the queue ontains less than kd olumns:
Theorem 2

d-Mismat

h

is solvable in time O(kL + (n

L)kd  dd).

Solving

Distinguishing String Sele tion (DSS). In this problem, we are
given \good" strings s1 ; : : : ; sk1 , \bad" strings s01 ; : : : ; s0k2 , and positive integers
d1, d2. We ask for an s \ lose" to the good strings, i.e., maxi=1;:::;k1 dH (s; si ) 
d1, and \far away" from the bad ones, i.e., minj=1;:::;k2 dH (s; s0j )  L d2 .

Given two sets of strings S1 = fs1 ; : : : ; sk1 g and S2 = fs01 ; : : : ; s0k2 g
and positive integers d1 and d2 . If there are i 2 f1; : : :; k1 g and j 2 f1; : : :; k2 g
with dH (si ; s0j ) < L (d1 + d2 ), then there is no string s satisfying both
maxi=1;:::;k1 dH (s; si )  d1 and minj =1;:::;k2 dH (s; s0j )  L d2 .

Lemma 6

In what follows, we des ribe how to modify Algorithm D in order to solve
DSS. Using Lemma 6, we an dete t instan es that annot have a solution,
i.e., instan es where a good and a bad string have Hamming distan e less than
L (d1 + d2). For this reason, we an extend instru tion (D1) in Algorithm D
by returning not only when dH (s; si ) > d1 + d1 for the andidate s and a good
string si , but also when dH (s; s0j ) < L (d2 + d1 ) for a bad string s0j .
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Of ourse, a solution in instru tion (D2) is now found when the new goal is met,
i.e., maxi=1;:::;k1 dH (s; si )  d1 and minj =1;:::;k2 dH (s; s0j )  L d2 .
Also instru tion (D3) has to be extended. As long as the bran hing shown in
(D3) applies, we still use it: If there is a good string si whi h our andidate s is
too far away from, i.e., dH (s; si ) > d1 , we bran h on d1 + 1 many positions in
whi h s and si di er.
When the andidate s satis es dH (s; si )  d1 for all i = 1; : : :; k1 , but is too
lose to one of the bad strings s0j , i.e., dH (s; s0j ) < L d2 , we introdu e a new
bran hing. We have to in rease dH (s; s0j ) by hanging in s a position p with
s[p℄ = s0j [p℄. Sin e a solution s? an have at most d2 many positions p with
s?[p℄ = sj [p℄, it is suÆ ient to bran h on d2 + 1 positions with s[p℄ = s0j [p℄. We
do, however, not know to whi h hara ter s[p℄ should be set. Trying all hara ters
in this situation gives us an upper bound of (d2 + 1)  j j for the sub ases to
bran h into.
Theorem 3 DSS



is solvable in time O (k1 + k2 )L  max(d1 + 1; (d2 + 1)j j)d1 .

4 EÆ ient linear time solution for k = 3
For a onstant number k of strings, Closest String is solvable in linear time
with the following argument. The number of olumn types for k strings depends only on k (namely, it is given by the Bell number B (k )  k !). Using
the olumn types, Closest String an be formulated as an integer linear program (ILP) having only B (k )  (k 1) variables. Sin e ILPs with a onstant
number of variables an be solved in linear time [5, 7, 8℄, this is also true for
Closest String with onstant k . The algorithms, however, lead to huge running times, even for moderate number of variables. For this reason, we present
a dire t (not using linear programming) and eÆ ient linear time algorithm that
solves Closest String for k = 3. We start with transforming the instan e into
a normalized one and splitting it into \blo ks." We obtain a blo k by reordering ( f. Lemma 1) the olumns of the k  L matrix and onsidering onse utive
olumns in the reordered instan e as a blo k. By sorting, the olumns are already
ordered in the sequen e in whi h we will pro ess them:
(0)
(1)
(2)

\Identity Case." All olumns of type (a; a; a)t .
\Diagonal Case." All blo ks of type (baa; aba; aab)t.
\3/2 Letters Case." All blo ks of type (aa; ba; b)t , (aa; bb; a)t , or (ab; ba; a)t

(the order of these three types among ea h other does not matter).
\2/2 Letters Case." All blo ks of type (aa; ab; ba)t , (ab; aa; ba)t , or (ab; ba; aa)t
(it will be shown in Lemma 9 that we an nd only one of these three possibilities, sin e, otherwise, we would have been able to build an additional
blo k of type (1)).
(4) \Remaining 2 Letters Case." All blo ks of type (a; a; b)t , (a; b; a)t , or (b; a; a)t
(as in ase (3), we an nd only one of these possibilities, sin e, otherwise,
we would have been able to build an additional blo k in (3)).
(30 ) \33 Letters Case." All blo ks of type (aaa; bbb;
)t .

(3)
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Algorithm 3-Strings

Input: Strings s1 ; s2 ; s3 .
Output: CS3 (s1 ; s2 ; s3 ), whi h is an optimal losest string for s1 ; s2 ; s3 .

a  s1 #
(K0) Given a  s2 , then return a  CS3 (s1 ; s2 ; s3 ).
\Identity Case"
a

s
3
"
baa  s1 #
\Diagonal Case"
(K1) Given aba  s2 , then return aaa  CS3 (s1 ; s2 ; s3 ).
aab

s
3
"
aa  s1 # " aa  s1 # " ab  s1 #
(K2) Given ba  s2 ( bb  s2 or ba  s2 , resp.),
\3/2 Letters Case"
b  s3
a  s3
a  s3
then return
a  CS3 (s1 ; s2 ; s3 ) (ba  CS3 (s1 ; s2 ; s3 ) or aa  CS3 (s1 ; s2 ; s3 ), resp.).
"
aa  s1 # " ab  s1 # " ab  s1 #
\2/2 Letters Case"
(K3) Given ab  s2 , aa  s2 or ba  s2 ,
aa  s3
ba  s3 ba  s3
then return
; s3 ).3
3  CS3
2 aa
2 (3s1 ; s22
a
a
b
(K4) Given 4 a 5, 4 b 5, or 4 a 5 for some integer l, \Remaining 2 Letters Case"
b
a
a
2
2
then return
a
b
.
"
aaa  s1 #
(K3 ) Given bbb  s2 , then return ab  CS3 (s1 ; s2 ; s3 ).
\3  3 Letters Case"

s
3
" #
" #
a
aa
\Remaining 3 Letters Case"
(K4 ) Given bb (or b , resp.),
then return ab (or a, resp.).
"

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

l

l

l

l

l

l

l

l

l

dl= e

0

bl=

0

0

0

0

0

0

Fig. 2.

(40 )

Algorithm 3-Strings solving Closest

String

for k = 3.

\Remaining 3 Letters Case." All blo ks of type (a; b; )t .

Thus, in a natural way, we obtain various blo k types. We an make sure that after
this reordering pro ess no olumns are left. An instan e in whi h the olumns
are ordered as explained, we all ordered instan e. Transforming an arbitrary
instan e into an ordered instan e an be done in linear time.
Algorithm 3-Strings shown in Fig. 2 onsiders the single blo ks of a normalized
and ordered instan e, one after the other, and ombines their solutions to a
solution for the whole problem instan e. Later in this se tion, we will show that
the algorithm, in linear time, nds an optimal solution.

Let s be an
optimal median string for s1 ; s2 , and s3 and let 3 
P
maxi=1;2;3 dH (s; si )
i=1;2;3 dH (s; si )  2 (in parti ular, this is true when
dH (s; s1) = dH (s; s2) = dH (s; s3)). Then s is an optimal losest string for s1; s2,

Lemma 7

and s3 .
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Let (Ki) denote that instru tion (Ki), i 2 f0; 1; 2; 3; 4; 30; 40 g, is applied an
arbitrary number of times (in luding zero).

Given a normalized and ordered Closest String instan e, then the
only possible su essions in the appli ation of instru tions in Algorithm 3-Strings
are (K0 ) (K1 ) (K2 ) (K3 ) (K4 ) and (K0 ) (K1 ) (K2 ) (K30 ) (K40 ) .

Lemma 8

Lemma 9 Given a normalized and ordered Closest String instan e, we have
as type (3) blo ks only blo ks (aa; ab; ba)t, only blo ks (ab; aa; ba)t, or only blo ks
(ab; ba; aa)t .

s , s , and s be normalized, and let s be an additional string.
olumn in (s ; s ; s )t , the respe tive letter in s be a majority
vote and let s , s , and s ontain no olumn (a; b; )t su h that the respe tive
letter in s is a. Further, let dH (s; s )  dH (s; s ) = dH (s; s ). Then s is an
optimal losest string for s , s , and s .
(b) Let, for every olumn in (s ; s ; s )t that is not (a; a; b)t , the respe tive letter
in s be a majority vote, and let for every olumn (a; b; )t the respe tive letter
in s be . Further, let dH (s; s )  dH (s; s ) and either dH (s; s ) = dH (s; s ) or
dH (s; s ) = dH (s; s ) 1. Then, s is an optimal losest string for s , s , and s .
Theorem 4 Closest String for k = 3 an be solved in linear time.
Proof. (Sket h) Running time. Algorithm 3-Strings makes at most L re ursive
Lemma 10 Let
(a) Let for every
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alls and ea h all takes only onstant time, yielding linear running time.
From Lemma 8, we know that the order of instru tions is
(K0) (K1) (K2) (K3) (K4) or (K0) (K1) (K2) (K30 ) (K40 ) .
Now, the proof is given by onsidering the instru tions separately. We assume
a Closest String instan e (s01 s001 ; s02 s002 ; s03 s003 ) with js01 j = js02 j = js03 j, su h that
s01, s02, and s03 are those parts of the strings su h that (K0), (K1), and (K2) apply
to them and produ e s0 . Then s001 , s002 , and s003 are pro essed either by (K3) and
(K4), or by (K30 ) and (K40 ), resulting in s00 . We rst show that s0 is an optimal
losest string for s01 , s02 , and s03 , and then show that s = s0 s00 is an optimal losest
string for the whole instan e.
Instru tions (K0 ), (K1 ), and (K2 ): These instru tions are applied to blo ks of
type (0), (1), and (2). We an easily he k that they produ e s0 with dH (s0 ; s01 ) =
dH (s0 ; s02) = dH (s0 ; s03). Sin e we hoose in every olumn the letter as majority
vote, s0 is an optimal median string for s01 , s02 , and s03 . By Lemma 7 we on lude
that s0 is an optimal losest string for s01 , s02 , and s03 .
Instru tions (K3 ) and (K4 ): Following Lemma 9, we know that (K3) is applied
only to one of the three ases mentioned in the instru tion. W.l.o.g., we assume
that it is only applied on blo ks (aa; ab; ba)t . Let l be the total number of the
appli ations of (K3). Thus, (K3) adds a2l to the losest string onstru ted by
(K0) to (K2), resulting in string s^. If s^1 , s^2 , and s^3 are the strings pro essed
up to this point, we have dH (^s; s^1 ) + l = dH (^s; s^2 ) = dH (^s; s^3 ) and all letters in
(K3) are hosen as majority vote.

Corre tness.
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To satisfy the premises of Lemma 10(a), it remains to show that there is no
olumn (a; b; )t in s1 , s2 , and s3 for whi h we set the respe tive position in s
to a: For olumn (a; b; )t , we only set a in instru tion (K2) if it o urs together
with olumn (b; a; a)t . In this ase, however, we ould form a blo k of type (1),
sin e we have olumns (a; b; a)t and (a; a; b)t , ne essary for (K3). This ontradi ts
the assumption that the instan e is ordered. It follows that no olumn (a; b; )t
is assigned a. Thus, we on lude with Lemma 10(a) that s^ is an optimal losest
string for s^1 , s^2 , and s^3 . For instru tion (K4) the orre tness is shown, by use
of Lemma 10(b), in a very similar way as for (K3). We omit the details here.
Instru tions (K30 ) and (K40 ). We are only left with olumns of type (a; b; )t .
Instru tion (K30 ) applies as long as the number of these olumns is larger than
three. What remains are one or two olumns of type (a; b; )t , whi h (K40 ) takes
are of. Given input strings s1 , s2 , and s3 , they are pro essed after the appli ation
of (K40 ). We an he k that now either dH (s; s1 ) = dH (s; s2 ) 1 = dH (s; s3 ) 1
or dH (s; s1 ) = dH (s; s2 ) = dH (s; s3 ) 1. Sin e for all olumns we hose the
letter in s as majority vote, s is an optimal median string for s1 , s2 , and s3 . By
Lemma 7, we on lude that s is an optimal losest string.
ut

5 Experimental results
We implemented Algorithm D using the programming language C, in luding the
heuristi improvements dis ussed in Subse tions 3.2 and 3.3. We performed tests
on a LINUX PC with 750 MHz pro essor and 192 MB main memory. First, we
report about tests on random instan es with j j = 4 where we s an the whole
sear h tree, i.e., we do not stop when the rst solution is found. The displayed
results are average results taken from a range of ten su h random data sets.

Length/mismat h ratio. For instan es ontaining only dirty olumns, our ex-

periments with randomly generated data show that not only the number d of
mismat hes allowed but, moreover, the ratio of string length L to d has a major
impa t on the diÆ ulty of solving the problem. The results from Fig. 3(a) show
that an in reasing length L and a thereby in reasing L=d ratio for a xed value
of d will signi antly de rease the running time of the algorithm up to some point.
When onsidering the values of d for whi h we an pro ess Closest String instan es in pra ti e, we have to take this ratio into a ount. E.g., for a \hard"
ratio of 2, i.e., the string length is twi e the number of mismat hes, we solve
instan es with d = 15 (L = 30, k = 50) in about 200 se , and for an \easier"
ratio of 3 we an solve instan es with d = 20 (L = 60, k = 50) in 100 se .

Number of input strings. When onsidering the running times for an in reasing
number k of input strings (for xed values of L, d), we en ounter two ompeting
fa tors. On the one hand, an in rease in the number of strings means an in rease
in the linear time to be spent in every node of the sear h tree. On the other
hand, a growing number of strings means a growing number of onstraints on
the solutions and, therefore, a de reasing size of the sear h tree. Our experien e
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(a) Comparing, on a logarithmi s ale, the running time of Closest String
instan es for di ering length/mismat h ratio L=d (k = 25). (b) Comparing, also on a
logarithmi s ale, sear h tree sizes to the theoreti al upper bound of (d + 1)d . Ea h
line displays results for one xed L=d ratio (k = 25).

Fig. 3.

with random data sets shows a high running time for small numbers of strings,
de reasing with growing number of strings up to some turning point. From then
on running time in reases again, sin e the linear fa tor spent in ea h sear h tree
node be omes ru ial. E.g., for L = 24, d = 12, we need 6:2 se for k = 10
(sear h tree size 934892), 4:3 se for k = 100 (sear h tree size 145390), and 8:5
se for k = 400 (sear h tree size 91879).

Sear h tree size. In Fig. 3(b), we ompare the size of the sear h tree for given
instan es with the theoreti al upper bound of (d + 1)d . We note that the sear h
trees are by far smaller than the bound predi ts.
Primer design by solving a ombination of d-Mismat h and Distinguishing String Sele tion. We applied our algorithm to ompute andidates for

primers, a task the biologi al expert otherwise does by hand. In our appli ation,
we are onfronted with probes that may ontain parasite DNA (mushrooms)
as well as host DNA, and the goal is to design primers that ex lusively bind
to the parasite sequen es. The given data in this example are an alignment of
length 715 with ve sequen es of parasite DNA and four sequen es of host DNA.
We approa h the problem by solving DSS with the parasite sequen es as set of
good strings and host sequen es as set of bad strings. The desired length L of
primers is between 15 to 20. Sin e the primers should have as few mismat hes
as possible, we onsider here for d1 only values  3. E.g., with L = 15, d1 = 2,
the minimum value for whi h we nd a primer andidate is d2 = 7. For L = 25,
we nd a andidate with d1 = 2 and d2 = 18, or with d1 = 3 and d2 = 15.
The advantage of the algorithm in this appli ation is that it qui kly (all runs
are done in less than a se ond) nds all positions where primer andidates meet
the spe i ed onditions (and also nds if ertain values of L, d1 and d2 do not
allow a solution), whereas the task is tedious for the human expert who might
only nd obvious andidates.
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6 Con lusion
We des ribed new and also pra ti ally promising exa t algorithms for onsensus word problems motivated by omputational biology. In parti ular, all our
algorithms for these, in general NP - omplete, problems work in linear time for
onstant parameter values. This is of parti ular importan e in signal nding
and related appli ations where, e.g., small distan e parameter d is normal (for
instan e, in primer design d-values around 5 are not unusual [3℄). Our results
improve and generalize previous work and answer some open questions [3, 11℄.
It seems hard to extend our results to the more general Closest Substring
problem, whi h is more relevant in biologi al appli ations dealing with unaligned
sequen es.
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