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Abstract
We provide first-time fixed-parameter tractability results for the NPhard problems Maximum Full-Degree Spanning Tree and MinimumVertex Feedback Edge Set. These problems are dual to each other: In
Maximum Full-Degree Spanning Tree, the task is to find a spanning
tree for a given graph that maximizes the number of vertices that preserve
their degree. For Minimum-Vertex Feedback Edge Set, the task is
to minimize the number of vertices that end up with a reduced degree.
Parameterized by the solution size, we exhibit that Minimum-Vertex
Feedback Edge Set is fixed-parameter tractable and has a problem
kernel with the number of vertices linearly depending on the parameter k.
Our main contribution for Maximum Full-Degree Spanning Tree,
which is W[1]-hard, is a linear-size problem kernel when restricted to
planar graphs. Moreover, we present a dynamic programming algorithm
for graphs of bounded treewidth.
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1

Introduction

The NP-hard problem Maximum Full-Degree Spanning Tree (FDST) is
defined as follows.
Input: An undirected graph G = (V, E) and an integer k ≥ 0.
Task: Find a spanning tree T of G (called solution tree) in which
at least k vertices have the same degree as in G.
Referring to vertices that maintain their degree as full-degree vertices and
to the remaining ones as reduced-degree vertices, the task basically is to maximize the number of full-degree vertices. FDST is motivated by applications
in water distribution and electrical networks [4, 8, 25]. However, also biological
applications concerning the interference of reaction rates in metabolic networks
are conceivable [30, Chapter 8]. Let n denote the number of graph vertices.
FDST is a notoriously hard problem and, as such, not polynomial-time approximable within a factor of O(n1/2−ǫ ) for any ǫ > 0 unless NP-complete
problems have randomized polynomial-time algorithms [4]. The approximability bound is almost tight in that Bhatia et al. [4] provide an algorithm with
an approximation ratio of Θ(n1/2 ). FDST remains NP-hard in planar graphs;
however, polynomial-time approximation schemes (PTAS) are known here [4, 8].
Broersma et al. [8] present further tractability and intractability results for various special graph classes. Gaspers et al. [19] present an O(1.9172n )-time exact
algorithm for FDST. By way of contrast, we study the parameterized complexity [14, 18, 26] of FDST.
The complement (dual) problem of FDST, called Minimum-Vertex Feedback Edge Set (VFES), is to find a feedback edge set1 in a given graph such
that this set is incident to as few vertices as possible. For our purposes, the
following equivalent definition is more convenient.
Input: An undirected graph G = (V, E) and an integer k ≥ 0.
Task: Find a spanning tree T of G (called solution tree) in which
at most k vertices have a degree smaller than in G.
In other words, we want to minimize the number of reduced-degree vertices.
VFES is motivated by an application of placing pressure-meters in fluid networks [23, 27, 28]. Khuller et al. [23] show that VFES is APX-hard and present
a polynomial-time approximation algorithm with ratio 2 + ǫ for any fixed ǫ > 0.
Moreover, they develop a PTAS for VFES in planar graphs. As with FDST,
the parameterized complexity of VFES has so far not been explored.
Parameterized by the respective solution size k, this work provides first-time
parameterized complexity results for FDST and its dual VFES. Somewhat
analogously to the study of approximability properties, we observe that FDST
seems to be the harder problem when compared to its dual VFES: Whereas
VFES is fixed-parameter tractable, FDST is W[1]-hard.2 More specifically,
our findings are as follows:
1A

feedback edge set is a set of edges whose deletion destroys all cycles in a graph.
reduction is from Independent Set and the same as the one in [4, 23].

2 The
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• VFES has a problem kernel with less than 4k vertices and it can be solved
in O(4k · k 2 + m) time for an m-edge graph.
• FDST becomes fixed-parameter tractable in the case of planar graphs.
In particular, as the main technical contribution of this paper, we apply
the linear kernelization framework for planar graph problems introduced
in [21] to FDST and prove a linear-size problem kernel for FDST when
restricted to planar graphs.
• For planar graphs, both VFES and FDST are solvable in subexponential
time. More specifically, we present a tree decomposition-based dynamic
programming, which directly implies fixed-parameter algorithms.
We remark that, when restricted to planar graphs, this work amends the so
far few examples where both a problem and its dual possess linear-size problem
kernels. The only other examples we are aware of (again restricted to planar
graphs) are Vertex Cover and its dual Independent Set, and Dominating
Set and its dual Nonblocker [2, 9, 10, 11].

2

Preliminaries and Notation

This section gives a brief overview about parameterized complexity and the
notation that we use.
Parameterized complexity provides an at least two-dimensional framework
for studying the computational complexity of problems [14, 18, 26]. One dimension is the input size n (as in classical complexity theory), and the other
one is the parameter k (usually a positive integer). A problem is called fixedparameter tractable (fpt) if it can be solved in f (k) · nO(1) time, where f is
a computable function only depending on k. This means that when solving a
combinatorial problem that is fpt, the combinatorial explosion can be confined
to the parameter.
A core tool in the development of fixed-parameter algorithms is polynomialtime preprocessing by data reductions [16, 20]. Here, the goal is for a given
problem instance x with parameter k to transform it into a new instance x′
with parameter k ′ such that the size of x′ is upper-bounded by some function
only depending on k, the instance (x, k) has a solution iff (x′ , k ′ ) has a solution,
and k ′ ≤ k. The reduced instance, which must be computable in polynomial
time, is called a problem kernel, and the whole process is called reduction to a
problem kernel or simply kernelization.
Downey and Fellows [14] develop a formal framework to show fixed-parameter
intractability by means of parameterized reductions. A parameterized reduction
from a parameterized language L to another parameterized language L′ is a
function that, given an instance (x, k), computes in f (k) · nO(1) time an instance (x′ , k ′ ) (with k ′ only depending on k) such that (x, k) ∈ L ⇔ (x′ , k ′ ) ∈ L′ .
The basic complexity class for fixed-parameter intractability is called W [1] and
there is good reason to believe that W [1]-hard problems are not fpt [14, 18, 26].
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Concerning notation, we only consider undirected graphs G = (V, E), where V
is the set of vertices and E the set of edges. By default, we use n to denote
the number of vertices and m to denote the number of edges of a given graph.
A vertex that is endpoint of an edge is said to be incident to that edge and
adjacent to the other endpoint. The neighborhood N (v) of a vertex v ∈ V
is the set of vertices that are adjacent to v. For a set of vertices V ′ ⊆ V ,
the induced subgraph G[V ′ ] is the graph over the vertex set V ′ with edge
set {{v, w} ∈ E | v, w ∈ V ′ }. Given a vertex v ∈ V , we use “G − v” as a
shorthand notation for the induced subgraph G[V \ {v}]. We implicitly assume
all paths that we deal with in this work to be simple paths, that is, a vertex is
contained at most once in a path. The length of a path is defined as the number
of edges used by the path. The distance d(u, v) between two vertices u, v is
the length of a shortest path between u and v. The distance d(e, w) between
an edge e = {u, v} and a vertex w is the minimum of d(u, w) and d(v, w). If
a graph can be drawn in the plane without edge crossings, then it is called a
planar graph. A plane graph is a planar graph with a fixed embedding in the
plane.

3

Minimum-Vertex Feedback Edge Set

Minimum-Vertex Feedback Edge Set (VFES), the dual of Maximum
Full-Degree Spanning Tree (FDST), appears to be better tractable from
a parameterized point of view than FDST. We subsequently present a simple
kernelization with a kernel graph whose number of vertices linearly depends
on the parameter (Section 3.1) and, based on this, an efficient fixed-parameter
algorithm (Section 3.2) for VFES.

3.1

Data Reduction and Problem Kernel

To reduce a given instance of VFES to a problem kernel, we make use of two
very simple data reduction rules already used by Khuller et al. [23].
Rule 1. Remove all degree-1 vertices.
Rule 2. For any two neighboring degree-2 vertices that do not have
a common neighbor, contract the edge between them.
The correctness and the linear running time of these two rules are easy to
verify; we call an instance of VFES reduced if the reduction rules cannot be
applied any more.
Theorem 3.1. A reduced instance (G = (V, E), k) of VFES only has a solution
tree if |V | < 4k.
Proof. Assume that G has a solution tree T . Let X denote the set of the
reduced-degree vertices in T . We partition the vertices in V into three disjoint
subsets according to their degree in T , namely V=1 contains all degree-1 vertices, V=2 contains all degree-2 vertices, and V≥3 contains all vertices of degree
4
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vertices in V=1
X
vertices in V=2
G
vertex in V=2
vertices in V≥3

Figure 1: Given a spanning tree for a graph (bold edges), the proof of the linear
kernel for VFES in Theorem 3.1 partitions them into four disjoint subsets as
illustrated above (see proof for details).
X
G
X
higher than 2. Furthermore, let V=2
:= V=2 ∩ X and V=2
:= V=2 \ V=2
. The
partition is illustrated in Figure 1. Since G does not contain any degree-1 vertices by Rule 1, every degree-1 vertex in T is a reduced-degree vertex. Hence, T
can have at most k leaves and |V=1 | ≤ |X| ≤ k. Since T is a tree, this directly
implies |V≥3 | ≤ k − 2.
As for V=2 , the vertices in V=1 ∪ V≥3 are either directly connected to each
other or via a path P consisting of vertices from V=2 . Because Rule 2 contracts
edges between two neighboring degree-2 vertices that have no common neighbor
in the input graph, at least one of every two neighboring vertices of P has to be
X
a reduced-degree vertex. Clearly, V=2
∪ V=1 ⊆ X. Since T is a tree, it follows
G
X
that |V=2 | ≤ |V=1 ∪ V≥3 ∪ V=2 | − 1 ≤ 2k − 3.
X
G
Overall, this shows that |V | = |V=1 ∪ V=2
∪ V=2
∪ V≥3 | < 4k as claimed.

3.2

A Fixed-Parameter Algorithm

The problem kernel obtained in Theorem 3.1 suggests a simple fixed-parameter
algorithm for Minimum-Vertex
Feedback Edge Set: For i = 1, . . . , k, we

consider all 4k
size-i
subsets
X
of
kernel vertices. For each of these subsets,
i
all edges between the vertices in X are removed from the input graph, that
is, they become reduced-degree vertices.3 If the remaining graph is a forest,
we have found a solution.4 The correctness of this algorithm is obvious by its
exhaustive
nature,
but on the running-time side it requires the consideration

Pk
k
of i=1 4k
>
9.45
vertex subsets. The next theorem shows that we can do
i
better because an exhaustive approach does not need to consider all vertices of
the kernel but only those with degree at least three.
Theorem 3.2. For an m-edge instance (G = (V, E), k) of VFES, it can be
decided in O(4k · k 2 + m) time whether it has a solution tree.
Proof. Given an instance (G = (V, E), k) of VFES, we first perform the kernelization which needs O(m) time. By Theorem 3.1, we know that the remaining
3 Note that a vertex in X becomes a reduced-degree vertex only if it is adjacent to an other
vertex in X.
4 Since the input graph must be connected, we can add some edges from G that are between
the vertices in X in order to reconnect connected components with each other and thus obtain
a spanning tree.
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graph only has a solution tree if it contains fewer than 4k vertices. We now partition the vertices in V according to their degree: vertices in V=2 have degree
two and V≥3 contains all vertices with degree at least three. For every size-i
subset X≥3 ⊆ V≥3 , 1 ≤ i ≤ k, the following two steps are performed:
Step 1. Remove all edges between vertices in X≥3 . Call the resulting graph G′ = (V, E ′ ).
Step 2. For each edge e ∈ E ′ , assign it a weight w(e) = m + 1 if it is
incident to a vertex in V≥3 \ X≥3 and a weight of 1, otherwise. Then,
find a maximum-weight spanning tree for every connected component of G′ . If the total weight of edges that are not in a spanning
tree is at most k−i, then the original VFES instance (G = (V, E), k)
has a solution tree and the algorithm terminates; otherwise, the next
subset X≥3 is tried.
To justify Step 2, observe that the edges incident to vertices in V≥3 \X≥3 have
to be in the solution tree because these vertices preserve their degree. Therefore,
if a component in G′ contains cycles we can only destroy these by removing edges
between a vertex in X≥3 and a vertex in V=2 . Moreover, removing such an edge
results in exactly one additional reduced-degree vertex. Thus, searching for a
maximum-weight spanning tree in the second step leads to a solution tree (the
components can easily be reconnected by edges between vertices in X≥3 ).
The running time of the algorithm is composed of the linear preprocessing
time, the number of subsets that need to be considered, and the time needed for
Steps 1 and 2. By Theorem 3.1, a reduced graph contains less than 4k vertices
and, hence, O(k 2 ) edges, upper-bounding the time needed for Steps 1 and 2
by O(k 2 ). From the proof of Theorem 3.1, we know that |V≥3 | < 2k, and hence
P
2
k
2
the overall running time is O(m + 1≤i≤k 2k
i · k ) = O(4 · k + m).

4

Maximum Full-Degree Spanning Tree in Planar Graphs

The parameterized reduction from Independent Set to Maximum FullDegree Spanning Tree (FDST) that is given by Bhatia et al. [4] already
shows that FDST is W[1]-hard with respect to the number k of full-degree vertices. For planar graphs, however, this does not hold; in this section, we show
that there is a linear-size problem kernel for FDST in planar graphs. Basically,
the proof for the problem kernel is achieved by contradiction; that is, we assume to be given a maximum-size solution F ⊆ V to FDST on G and then
show that either |V | = O(|F |) holds or F cannot be of maximum size.5 To this
end, we show that the kernelization framework for planar graph problems [21]
applies to FDST. More specifically, we prove that FDST admits the so-called
distance property required by the framework (Section 4.1). Then, we define the
5 This type of proof strategy appears first in work dealing with the Maximum Leaf Spanning Tree problem [15, 17].
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regions and the corresponding region decomposition (Section 4.2) and introduce
the data reduction rules (Section 4.3). Finally, we give a problem kernel size
analysis in Section 4.4.
Note that the general framework from [21] only suggests a basic strategy for
deriving linear kernelizations for planar graph problems. In other words, it provides a mathematical framework within which this task may be accomplished,
but it completely leaves open the design and corresponding correctness proofs
of concrete polynomial-time data reduction rules. For FDST, the design of
data reduction rules and the kernel size analysis are highly problem-specific and
require non-trivial combinatorial arguments. This is the main contribution we
provide here. Throughout the next sections, we denote the planar graph that
we are given as an instance of FDST by G = (V, E); the maximum-size set of
full-degree vertices in G is denoted F and we use k to denote its size. Finally,
we assume that we are working with an arbitrary but fixed embedding of G in
the plane; whenever this embedding is of relevance, we refer to G as being plane
instead of planar.

4.1

Distance Property

This section shows that FDST admits the so-called distance property required
by the framework [21] with cV = 2 and cE = 2, namely, for every vertex u ∈ V ,
there exists a full-degree vertex v ∈ F with d(u, v) ≤ 2, and, for every edge e ∈
E, there exists a full-degree vertex v ∈ F with d(e, v) ≤ 2. This follows from
the following lemma.
Lemma 4.1. Given a maximum-size set F of full-degree vertices, every reduceddegree vertex has distance at most two to at least one full-degree vertex.
Proof. Assume for the purpose of contradiction that a reduced-degree vertex v
has distance at least three to every vertex in F . Let T denote a spanning tree
for G that corresponds to F , that is, a vertex has full degree in T if and only if
it is in F . We now show how to iteratively transform T into a spanning tree T ′
that has one more full-degree vertex than T , namely v, which contradicts the
maximum size of F . The transformation works as follows: Let e be an edge in G
that has v as an endpoint and is not contained in T . To transform T into T ′ , we
add e to T . This induces a single cycle C in the resulting graph and we proceed
by distinguishing two cases:
1. If C has length three, delete the cycle edge between the neighbors of v.
2. If C contains more than three edges, delete one of the two cycle edges in C
that are incident to the two neighbors of v in the cycle, but not to v itself.
We now have a spanning tree T ′ for G where the vertex v has one more edge
incident to it than in T . Also, all full-degree vertices of T remain full-degree
in T ′ because v has distance at least three to every full-degree vertex whereas
the transformation only affects the degree of vertices with distance at most two
to v. After repeating the operation for all edges which are incident to v but not
7
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contained in T , we obtain a spanning tree for G with k + 1 full-degree vertices,
thus contradicting F being of maximum size.
The following lemma can be shown in a similar way as Lemma 4.1 and will
also be very useful for some of the later proofs.
Lemma 4.2. Consider a maximum-size set F of full-degree vertices. From
every reduced-degree vertex, there are at least two edge-disjoint length-at-most-2
paths into the set of full-degree vertices.
Proof. Assume for the purpose of contradiction that there exists a reduceddegree vertex v for which every length-at-most-2 path from v to a full-degree
vertex uses the same edge e. Let T be a spanning tree of the input graph corresponding to F . If we add to T all edges from the input graph that have v
as an endpoint, then v becomes a full-degree vertex, but this also induces some
cycles. Since we assumed that every length-at-most-2 path from v to a fulldegree vertex uses the same edge e, the same argument as in the proof of
Lemma 4.1 implies that each of the cycles contains a length-2 path v, u1 , u2
where u1 and u2 are reduced-degree vertices. Hence, we can destroy all occurring cycles without changing the full-/reduced-degree status of any vertex by
deleting the edge {u1 , u2 } in every cycle. In this way, we obtain a spanning tree
for the input graph that has all full-degree vertices already contained in T , and,
additionally, the full-degree vertex v. This contradicts F being of maximum
size.

4.2

Regions and Region Decomposition

With the distance parameter cV = 2 and cE = 2, the framework from [21]
suggests a decomposition of the input plane graph into regions that are closed
subsets of the plane. The vertices are then divided into two categories based on
whether they lie inside of the regions or not. These two vertex categories are
handled separately by data reduction rules. To make this paper self-contained,
we include the definition of regions and region decomposition:
Definition 4.1. A region R(v, w) between two vertices v, w ∈ F is a closed
subset of the plane with the following properties:
1. The boundary of R(v, w) is formed by two length-at-most-5 paths between v and w. (Note that these two paths do not need to be disjoint or
simple.)
2. All vertices which lie on the boundary or strictly inside of the region R(v, w)
have distance at most two to at least one of the vertices v and w and all
edges whose both endpoints lie on the boundary or strictly inside of the
region R(u, v) have distance at most two to at least one of u and v.
3. With the exception of v and w, none of the vertices which lie inside of the
region R(v, w) are from F .

8
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Full-degree vertex
Region
Area outside of regions

Figure 2: Schematic illustration for using the set of full-degree vertices F to
decompose the plane input graph into regions. Not all vertices must lie inside
of a region and can also lie in the “outside” area of the decomposition.
The vertices v and w are called the anchor vertices of R(v, w). A vertex is said
to lie inside of R(v, w) if it is either a boundary vertex of R(v, w) or if it lies
strictly inside of R(v, w). We use V (R(v, w)) to denote the set of vertices that
lie inside of a region R(v, w).
Using this definition, the graph can be partitioned by a so-called region
decomposition.
Definition 4.2. An F -region decomposition of G is a set of regions R such
that no two regions intersect (the boundaries of regions may touch each other,
however).
S
For an F -region decomposition R, we let V (R) := R∈R V (R). An F region decomposition R is called maximal if there is no region R ∈
/ R such
that R′ := R ∪ {R} is an F -region decomposition with V (R) ( V (R′ ).
An example of a maximal F -region decomposition is given in Figure 2. The
following upper bound of the number of the regions in a maximal region decomposition follows directly from a more general result in [21]. We defer its proof
to the Appendix.
Lemma 4.3. There is a maximal F -region decomposition R for the input
graph G consisting of at most 6 · |F | − 12 regions.
We call a maximal F -region decomposition linear if it consists of O(k) regions.

4.3

Data Reduction Rules

According to the framework from [21], the next step is to define the so-called
private neighborhood and joint private neighborhood and to derive data reduction
rules to keep these two kinds of neighborhoods small. However, for FDST,
it turns out that we only need to deal with a special form of joint private
neighborhood, which is defined for two vertices u and v and consists of the
common neighbors of u and v. The corresponding data reduction rules are as
follows:
9
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Reduction rules. Consider a graph G = (V, E) that is part of an instance
of FDST. For any two vertices v 6= w ∈ V that have at least three common
neighbors (that is, v and w satisfy |N (v) ∩ N (w)| ≥ 3), perform the following
reductions:
1. Consider three vertices u1 , u2 , u3 ∈ N (v) ∩ N (w):
1.1 If N (u1 ) = {v, w} and additionally either N (u2 ) = {v, w} or N (u2 ) =
{u3 , v, w}, then remove u2 .

1.2 If N (u1 ) = {u2 , v, w}, N (u2 ) = {u1 , u3 , v, w}, and N (u3 ) = {u2 , v, w},
then remove u3 .
2. Consider four vertices u1 , u2 , u3 , u4 ∈ N (v) ∩ N (w):
2.1 If N (u1 ) = {u2 , v, w}, N (u2 ) = {u1 , v, w}, N (u3 ) = {u4 , v, w}, and
N (u4 ) = {u3 , v, w}, then remove u3 and u4 .

2.2 If N (u2 ) = {u1 , u3 , v, w}, N (u3 ) = {u2 , u4 , v, w}, and {u1 , u4 } 6∈ E,
then remove the edge {u2 , u3 }.

3. Consider five vertices u1 , u2 , u3 , u4 , u5 ∈ N (v) ∩ N (w):
If N (u2 ) = {u1 , u3 , v, w}, N (u3 ) = {u2 , v, w}, N (u4 ) = {u5 , v, w}, and
N (u5 ) = {u4 , v, w}, then remove u3 .
Definition 4.3. A graph to which the data reduction has been exhaustively
applied is called reduced.
The five cases of the data reduction are illustrated in Figure 3. Note that
the data reduction can be applied to any graph, whether planar or not. The
planarity is only required to guarantee that a linear-size kernel is obtained.
The correctness and running time requirement of the data reduction can be
established as follows:
Lemma 4.4. The data reduction is correct and can be carried out in O(n3 )
time on an n-vertex graph.
Proof. The main observation underlying the data reduction is that if there is a
spanning tree for the input graph where a vertex u has full degree and a vertex u′
with N (u′ ) ⊆ N (u) has reduced degree, then there always exists a spanning tree
for G where u′ has full degree instead of u (the full-/reduced-degree status for
all other vertices does not change). This observation can be used to show the
correctness of all five cases of the data reduction.
We first show the correctness of Case 1.1 in detail and then briefly indicate
how to use the same idea to show the correctness of the other cases. To prove
that Case 1.1 is correct, we show that the graph G has a spanning tree T with k
full-degree vertices if and only if a graph G′ that results from a single application
of Case 1.1 on G has a spanning tree T ′ with k full-degree vertices.
“⇒” Let T be a spanning tree for the (unreduced) input graph G that
contains k full-degree vertices. To prove the correctness of Case 1.1, observe
10
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Figure 3: Illustration for the five cases of the data reduction for Maximum
Full-Degree Spanning Tree that yields a linear-size problem kernel in planar graphs.
that at most one of the three vertices u1 , u2 , u3 can have full degree in T :
otherwise, there would be a cycle. If u2 does not preserve its degree in T then—
simply by deleting u2 —we can construct a spanning tree T ′ for the reduced
graph G′ that has the same number of full-degree vertices as T . If u2 does have
full degree, then u1 must be a reduced-degree vertex or there would be a cycle
in T . Therefore, we can construct a spanning tree T ′ for the reduced graph that
preserves the degree of k vertices by letting u1 have full degree instead of u2 ; if
there is an edge {u2 , u3 } in T , then we additionally attach u3 to v by an edge
in T ′ .
“⇐” Let T ′ be a spanning tree for the reduced graph G′ with k full-degree
vertices. The only problematic case where we cannot simply add u2 to T ′ to
obtain a spanning tree T for G is when u3 has full degree in T ′ . But in that case
we can easily modify T ′ to let u1 have full degree instead of u3 by letting u1
keep all of its incident edges and removing the edge {v, u3 } in return.
This concludes our correctness proof for Case 1.1 of the data reduction. The
other four cases can be shown by completely analogous means. For example,
in Case 3, at most one of the five (or four) common neighbors of vertices v
and w can have full degree in a spanning tree of the unreduced (or reduced)
graph. With the same argument as for Case 1.1, we can always let u5 be
this full-degree vertex. Herein, a spanning tree of the unreduced graph can be
transformed into a spanning tree of the reduced graph with the same number
of full-degree vertices, and vice versa.
It remains to show the claimed running time. For this purpose, consider the
following algorithm: For every vertex of degree between two and four, we as11
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sume it to be the vertex u2 (that is, temporarily assign it the label “u2 ”). There
is a constant number of cases to distinguish on how to assign the labels “v,”
“w,” “u1 ,” and “u3 ” or any subset thereof to the neighbors of the designated
vertex u2 . Given one such assignment, at most two additional vertices have to
be found in order to identify a structure to which one of the data reduction cases
applies; for example, in Case 3 of the data reduction, we must still find the vertices u4 and u5 . To efficiently find the at most two remaining vertices, observe
that one of these vertices has degree at most three and must already have all
but one of its neighbors labeled by “v,” “w,” and “u3 .” Hence, the remaining
two vertices can be identified in O(n) time by checking for each graph vertex
of degree at most three whether it already has all but one labeled neighbor; if
this is the case, the unlabeled neighbor constitutes the remaining second vertex.
For every designated vertex u2 , the reduction rules are performed at most O(n)
times because each reduction removes either one of its neighbors or one of its
incident edges. The cubic running time follows: We iterate over all graph vertices of degree at most four, which takes O(n) time. There are O(1) possible
combinations to assign its neighbors the labels “v,” “w,” “u1 ,” and “u3 .” As
outlined above, the remaining vertices of the data reduction can be identified
in O(n) time, and each case is applied at most O(n) times, leading to a total
of O(n3 ) time.

4.4

Problem Kernel Size

Now, we turn our attention to the mathematical analysis of the problem kernel
size. Based on the linear upper bound on the number of the regions in the region
decomposition (Lemma 4.3), it suffices to show that there are only constantly
many vertices inside of any region and linearly many vertices outside of all
regions.
Upper-bounding the number of vertices inside of regions. To prove
that there is only a constant number of vertices inside of each region, graph
structures that we call diamonds 6 are of great importance (see Figure 4 for two
examples of a diamond).
Definition 4.4. Let v and w be two vertices in a plane graph G. A diamond D(v, w) is a closed area of the plane that is bounded by two length-2
paths between v and w such that every vertex that lies inside this area is a
neighbor of both v and w. If i vertices lie strictly inside a diamond, then it is
said to have (i + 1) facets.
It is vital that the data reduction eliminates those diamonds that have arbitrarily many facets: at most two vertices of any diamond can retain full degree
in any spanning tree and hence the existence of arbitrarily large diamonds would
prohibit a provable upper bound on the size of the graph.
6 Note that standard graph theory uses the term “diamond” to denote a 4-cycle with exactly
one chord. We abuse this term here for obvious reasons.
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v

v

w

w

Figure 4: The only two possible five-facet diamonds (the worst-case diamonds,
so to say) that a reduced plane graph can induce.
Lemma 4.5. A reduced plane graph which is a diamond has at most five facets.
Proof. Assume for the purpose of contradiction that the input diamond D(v, w)
has six facets. Let u1 , . . . , u7 denote the common neighbors of v, w such that u1
and u7 are the two vertices on the outer boundary of D(v, w). Due to Case 1.1 of
the data reduction, we have N (ui ) \ {v, w} =
6 ∅ for 2 ≤ i ≤ 6. By Case 2.2, there
cannot be a length-3 path induced by any four of the vertices u1 , . . . , u7 . Call two
vertices ui , ui+1 that are connected by an edge or three vertices ui , ui+1 , ui+2
that induce a length-2 path a block. Thus, the seven vertices u1 , . . . , u7 are
divided into several blocks, each block containing at most three vertices and
having no edge to another block. Since D(v, w) is reduced, only the blocks that
contain u1 or u7 can have more than two vertices (Case 1.2) and there is at
most one block that contains neither u1 nor u7 (Case 2.1). But then Case 3 of
the data reduction applies, a contradiction to the input graph being reduced.
We can thus conclude that a reduced diamond can have at most five facets.
The only two possible five-facet diamonds that can occur in a reduced plane
graph are shown in Figure 4. For the same reason that we must avoid arbitrarily
large diamonds by means of the data reduction, it is important that there cannot
be arbitrarily many length-2 paths between two vertices of the input graph.
Thus, we now generalize Lemma 4.5 in order to obtain an upper bound on the
number of length-2 paths between two vertices.
Lemma 4.6. Let v and w be two vertices in the reduced plane graph G such
that an area A of the plane is enclosed by two length-2 paths between v and w.
If neither the middle vertices of enclosing paths nor the vertices lying strictly
inside of A are contained in F , then the following holds:
1. If v, w 6∈ F , then at most eight length-2 paths from v to w lie inside of A.
2. If either v 6∈ F or w 6∈ F , then at most sixteen length-2 paths from v to w
lie inside of A.
Proof. We use Lemma 4.5 to show that the presence of more length-2 paths
than claimed contradicts that F has maximum size. For the first case, that is,
neither v nor w is contained in F , assume that there are nine length-2 paths
between v and w that lie inside of A. Without loss of generality, let these be
embedded as shown in Figure 5. Recall that none of the vertices u1 , . . . , u9 is
13
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u4
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w

Figure 5: Assumed embedding of the vertices u1 , . . . , u9 in the proof of Proposition 4.6.
in F by the prerequisites of the lemma. Consider the six-facet diamond induced
by {v, w, u2 , . . . , u8 }. By Lemma 4.5, there must be a vertex u′ that lies inside
this induced diamond but is not adjacent to both v and w. Since u′ lies inside
the induced diamond, it cannot be adjacent to u1 and u9 . By Lemma 4.1,
there must be at least one full-degree vertex in the two-neighborhood of u′ .
But since u′ is not adjacent to both v and w, all length-2 paths from u′ to a
full-degree vertex use the same edge, which violates Lemma 4.2.
Proving the second case is based on having proved the first one: Assume for
the purpose of contradiction that there are seventeen length-2 paths between v
and w. Without loss of generality, we let v ∈ F and w ∈
/ F . The outermost
paths form the bound of an induced sixteen-facet diamond. The middle path
in an embedding further separates this diamond into two induced eight-facet
diamonds. Assume that we remove v from F . Then, using the same argument
as in the first case, each eight-facet diamond encloses a vertex that can be made
full-degree. Thus, removing v from F and adding these two vertices, we have a
larger solution than the original F , a contradiction to its maximum size.
This upper bound on the number of length-2 paths between two vertices
in a reduced graph plays a crucial role in upper-bounding the total number of
vertices that lie inside and outside of a region. We furthermore require one more
lemma to aid us in upper-bounding the number of neighbors that a boundary
vertex of a region can have.
Lemma 4.7. Consider a vertex u in the reduced plane graph G that is adjacent
to at least 81 reduced-degree vertices v1 , . . . , v81 ∈ V \ F . Then, in the graph G−
u, there are at least three full-degree vertices that are reachable from vertices in
the set {v1 , . . . , v81 } via length-at-most-2 paths.
Proof. Let Gu denote the graph G − u. Without loss of generality, we assume
that the vertices v1 , . . . , v81 are embedded in a clockwise fashion around the
vertex u, that is, v1 is followed by v2 , v2 is followed by v3 , and so on.
Our strategy to prove the lemma is to show that we can always find at least
three vertices vh , vh′ , and vh′′ among the 81 vertices v1 , . . . , v81 ∈ V \ F that
have a mutual distance of at least three to each other in Gu . This suffices to show
the lemma because, if there are at most two full-degree vertices a and b then we
set F ′ := F \ {a, b} ∪ {vh , vh′ , vh′′ }. By employing the same construction that
we used in the proof of Lemma 4.2, we can construct a spanning tree for G with
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vi

vi+1

u′
vi+25
···

vi+26

u

Figure 6: Enclosure of 25 vertices vi+1 , . . . , vi+25 in the plane as discussed in
the proof of Lemma 4.7.
vertices in F ′ having full degree. This would contradict that F is of maximum
size.
We now prove the following claim: If two vertices vi and vi+26 , where 1 ≤ i ≤
55, have distance at most two in Gu , then there exists a vertex vh with i < h <
i + 26 that has distance at least three to all vertices vj with j < i or j > i + 26.
To see this claim, assume that there are two vertices vi and vi+26 , 1 ≤ i ≤ 55,
that have distance at most two to each other in Gu . This implies an enclosure
of the 25 vertices vi+1 , . . . , vi+25 in the plane as shown in Figure 6. Without
loss of generality7 , let us assume that vi and vi+26 have distance exactly two to
each other, that is, we assume that there exists a path vi u′ vi+26 with u′ 6= u
in G. We consider four subsets of {vi+1 , . . . , vi+25 } that are defined according
to these vertices’ adjacency to vi , vi+26 , and u′ , the first three containing the
vertices adjacent to vi , vi+26 , or u′ , respectively, and the last one containing
the vertices adjacent to none of the three. Since none of vi+1 . . . , vi+25 are fulldegree vertices, each of the first three subsets forms together with u and one
vertex from {vi , vi+26 , u′ } an area enclosed by two length-2 paths. Due to the
first part of Lemma 4.6, each of these three subsets contains at most 8 vertices.
Thus, at least one vertex is in the fourth subset, that is, it is not adjacent to
vi , vi+26 , and u′ . By a pigeonhole argument (24 < 25), this means that there
is a vertex vh among the 25 vertices vi+1 , . . . , vi+25 that is not adjacent to any
of vi , vi+26 , and u′ , which in turn implies that vh has distance at least three to
all vertices vj with j < i or j > i + 26 in Gu .
With the claim proved, we can now proceed to show the lemma. For this
purpose, we start out by considering the two neighbors v1 and v27 of u and
distinguish two cases based on whether these two vertices have distance at most
two to each other in Gu :
1. As the first case, assume that v1 and v27 have distance at least three to
each other in Gu . Consider the vertex v53 : If this vertex has distance at
least three to both v1 and v27 in Gu , then we are done because we have
found three neighbors of u—namely v1 , v27 , and v53 —that mutually have
distance at least three to each other in Gu . Otherwise, if v53 has distance
at most two to either v1 or v27 , then we know by our above claim that
there exists a vertex vh , 1 < h < 53, with distance at least three to all
vertices vj , j > 53, in Gu . Now consider the vertices v54 and v80 . If these
have distance at least three to each other, then together with vh they form
7 The

distance-1 case is much easier to show.
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a set of three neighbors of u with mutual distance at least three in Gu .
Finally, if v54 and v80 have distance at most two to each other in Gu , then
there exists a vertex vh′ with 54 < h′ < 80 that has distance at least three
in Gu to all vertices vj with j < 54 or j > 80. This implies that vh , vh′ ,
and v81 have a mutual distance of at least three in the graph Gu .
2. As the second case, assume that v1 and v27 have distance at most two to
each other in Gu . Then our claim from above tells us that there exists
a vertex vh , 1 < h < 27, that has distance at least three in Gu to all
vertices vj with j > 27. We now consider the vertices v28 and v54 : If they
have distance at least three to each other in Gu , then together with vh
we have again a set of three vertices with distance at least three to each
other in Gu . Otherwise, there exists a vertex vh′ with 28 < h′ < 54 that
has distance at least three in Gu to all vertices vj with j < 28 or j > 54,
which means that vh , vh′ , and v55 form a set of three vertices with mutual
distance at least three in Gu .

Using the upper bound from Lemma 4.6 on the number of length-2 paths
between two vertices and the upper bound on the number of neighbors that
we have just established, we can finally obtain a constant upper bound on the
number of vertices that lie inside of a region.
Lemma 4.8. The number of vertices in every region R(v, w) of an F -region
decomposition R is upper-bounded by a constant.
Proof. To show the lemma, we partition the vertices that lie strictly inside of a
region R(v, w) into two disjoint subsets VA and VB and separately upper-bound
their cardinality. (Observe that the number of boundary vertices is automatically upper-bounded by 10 due to Definition 4.1.)
• The subset VA contains all vertices that are adjacent to a boundary vertex.
• The subset VB contains all vertices that are not adjacent to a boundary
vertex.
To upper-bound the size of VA , we partition this set into two subsets V1A
A
and V≥2
depending on the number of adjacent boundary vertices: V1A contains
A
all vertices that are adjacent to exactly one vertex of the boundary and V≥2
contains all vertices that are adjacent to at least two vertices of the boundary
of R(v, w).
To upper-bound the number of vertices in V1A , consider a boundary vertex vb
of R(v, w). Every vertex in V1A that is adjacent to vb in G has distance at least
three in the graph G − vb to all full-degree vertices except for, possibly, the
two anchor vertices v and w. By Lemma 4.7, this implies that a boundary
vertex must not be adjacent to more than 80 vertices from V1A . Thus, we
have |V1A | ≤ 790 = O(1) because a region has at most ten boundary vertices.
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A
To upper-bound |V≥2
|, consider the graph consisting of the boundary vertices
A
of the region R(v, w). Since every vertex in V≥2
connects at least two vertices
A
of the boundary by a length-2 path, we insert for each vertex in V≥2
exactly one
edge between two of its neighbors that lie on the boundary R(v, w) and merge
multiple edges in the process. The resulting graph clearly must be planar.8
By the well-known Euler formula a planar graph with n vertices contains at
most 3n − 6 edges, that is, at most 24 edges in our case because the region has
at most n = 10 boundary vertices. By Lemma 4.6, each edge can only stand
A
for a constant number of length-2 paths, and hence we have shown that |V≥2
|
is upper-bounded by 24 · O(1) = O(1).
Note that each vertex in VB must be adjacent to some vertex in VA because,
otherwise, it would have distance at least three to all boundary vertices and
violate Lemma 4.1. To upper-bound the size of VB , observe that each vertex
in this set must be adjacent to at least two vertices of VA due to Lemma 4.2.
This means that every vertex in VB connects at least two vertices from VA by a
length-2 path. Replacing, for each vertex in VB , exactly one of such paths by an
edge and merging any multiple edges that emerge, we obtain a planar graph9
containing at most 3|VA |− 6 edges. By Lemma 4.6, each such edge can stand for
at most 8 length-2 paths, which in turn bounds |VB | by (3 · |VA | − 6) · 8 = O(1).
Overall, we have shown that the vertices that lie strictly inside of R(v, w)
can be partitioned into two sets VA and VB where |VA | = O(1) and |VB | = O(1).
Thus, as claimed, only O(1) vertices lie inside of any region R(v, w).

Having proven the linear upper bound on the number of regions (Lemma 4.3
and the constant upper bound on the number of vertices each of these contains
(Lemma 4.8), we obtain an O(k) upper-bound on the number of vertices that
lie inside of regions.
Proposition 4.1. Given a linear F -region decomposition R for the reduced
plane graph G, the number of vertices that lie inside of regions is O(k).
Proof. Due to Lemma 4.3, a linear F -region decomposition contains O(|F |) =
O(k) regions, each of which has O(1) vertices lying inside of it by Lemma 4.8.
Upper-bounding the number of vertices outside of regions. Our proof
strategy for the upper bound on the number of vertices that lie outside of the
regions of a linear F -region decomposition is—similar to the proof of the upper
bound on the number of vertices inside of regions—to partition the vertices that
lie outside of regions into two sets based on their adjacency to the full-degree
vertices in F , and separately upper-bound the sizes of each of the two sets. As
the first of these two sets, we consider those vertices outside of regions that are
adjacent to some full-degree vertex.
8 More precisely, it must even be outerplanar, that is, it has a crossing-free embedding in
the plane such that all vertices are on the same face, but this detail does not need to concern
us here.
9 Analogously to above, this graph is actually outerplanar.
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Lemma 4.9. Given a linear F -region decomposition R, the number of vertices
that lie outside of regions and are adjacent to a full-degree vertex is O(k).
Proof. Let VA denote the set of vertices that lie outside of regions and are
adjacent to a full-degree vertex, that is, the lemma claims |VA | = O(k). Note
that a vertex u ∈ VA can be adjacent to at most one full-degree vertex v: If
it is adjacent to two full-degree vertices, these would form a region together
with u that could be added to R, thus contradicting the maximality of the
region decomposition. To upper-bound the size of VA , we partition this set into
two subsets, namely a subset VAb that contains all vertices from VA that are
adjacent to a boundary vertex other than v (which, as just observed, must not
6b
be contained in F ) and a subset VA
that contains the remaining vertices.
b
To upper-bound the size of VA , consider a vertex u ∈ VAb that is adjacent to
a full-degree vertex v. By definition of the set VAb , the vertex u is adjacent to
some boundary vertex w 6∈ F . The main observation now is that this boundary
vertex w must be adjacent to v: otherwise, the vertices u, v, w and a part
of the boundary on which w lies form a region which could be added to R,
contradicting the maximality of the region decomposition. It is now easy to see
that |VAb | = O(k): Since the region decomposition R is linear, the number of
boundary vertices that are adjacent to a full-degree vertex is O(k). Furthermore,
by Lemma 4.6, at most 16 vertices that are adjacent to a full-degree vertex can be
connected to the same boundary vertex. Hence, we have |VAb | = 16·O(k) = O(k).
6b
6b
It remains to upper-bound |VA
|. Consider a vertex u ∈ VA
that is adjacent
to a full-degree vertex v. Recall that by now we already know u to be adjacent
to exactly one full-degree vertex and to no boundary vertex except v. This
means that, with the exception of v, all neighbors of u lie outside of a region.
Furthermore, none of these neighbors can be adjacent to a full-degree vertex
because this would lead to a region that could be added to R, contradicting
6b
its maximality. We have thus established that every vertex u ∈ VA
∩ N (v) has
distance at least three to all vertices in F \ {v}. This allows us to upper-bound
6b
6b
∩ N (v)| by 80 (Lemma 4.7), which directly implies that |VA
| ≤ 80 · k =
|VA
10
O(k).
Overall, we have thus shown that |VA | = O(k) as claimed.
We now turn our attention to upper-bounding the remaining vertices that lie
outside of regions, that is, those vertices that are not adjacent to a full-degree
vertex.
Lemma 4.10. Given a linear F -region decomposition R, the number of vertices
that lie outside of regions and are not adjacent to a full-degree vertex is O(k).
Proof. Let VB denote the vertices that lie outside of regions and are not adjacent
to a full-degree vertex. Furthermore, let Vb denote the set of boundary vertices
in the given region decomposition and—as in the previous proof—let VA denote
10 Note that this bound could easily be improved by strengthening Lemma 4.7 for the case
where no full-degree vertices are reachable from the reduced-degree neighbors of a vertex v
via a length-at-most-three path in the graph G − v.
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the set of all vertices that lie outside of regions and are adjacent to one or more
full-degree vertices.
The key idea of the proof is that, in order to show |VB | = O(k), it suffices to
prove that every vertex in VB is adjacent to at least two vertices of VA ∪ Vb . To
show this sufficiency, define a graph G′ = (V ′ , E ′ ) with vertex set V ′ := VA ∪ Vb
and the edge set E ′ constructed as follows: For each vertex in VB that has at
least two adjacent vertices in VA ∪ Vb , add an edge that connects any two of
these vertices, merging any multiple edges in the process. Clearly, the graph G′
is planar because the input graph G is planar and we have simply replaced some
of its degree-at-least-2 vertices by edges. As in previous proofs, we can use the
Euler formula to obtain
|E ′ | ≤ 3|V ′ | − 6 < 3|VA ∪ Vb | < 3 · O(k) = O(k) .
By Lemma 4.6, every edge in E ′ can stand for at most eight vertices in VB .
Hence, if every vertex in VB is adjacent to at least two vertices from VA ∪ Vb ,
this also means that |VB | = 8 · O(k) = O(k).
It remains to show that every vertex in VB is indeed adjacent to at least two
vertices of the set VA ∪ Vb . Using Lemma 4.2, we know that each vertex in VB
has at least two edge-disjoint length-2 paths to full-degree vertices. In other
words, each vertex u ∈ VB is adjacent to two vertices v and w that themselves
are adjacent to some full-degree vertex. If one of these two vertices lies outside
of a region, it belongs to the set VA ; if it lies inside of a region, then—since u
does not lie inside of a region—it is a boundary vertex and thus belongs to the
set Vb . Hence, every vertex in VB is adjacent to at least two vertices from the
set VA ∪ Vb , which—as argued above—proves the lemma.
Proposition 4.2. Given a linear F -region decomposition R, the number of
vertices that do not lie inside of a region is O(k).
Proof. Lemma 4.9 gives an O(k) upper bound on the number of vertices that lie
outside of regions and are adjacent to at least one full-degree vertex; Lemma 4.10
gives an O(k) upper bound on the number of vertices that lie outside of regions
and are not adjacent to any full-degree vertex.
With Propositions 4.1 and 4.2 established, we can prove the main result of
this section:
Theorem 4.1. Maximum Full-Degree Spanning Tree in planar graphs
admits an O(k)-vertex problem kernel, which is computable in O(n3 ) time.
Proof. We have shown in Lemma 4.3 that the input graph can be decomposed
into O(k) so-called regions such that both the number of vertices that lie inside of regions is upper-bounded by O(k) (Proposition 4.1) and the number of
vertices that lie outside of regions is upper-bounded by O(k) (Proposition 4.2),
leading to the claimed overall O(k) upper bound. The running time follows
from Lemma 4.4.
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5

A Tree Decomposition-Based Algorithm

In this section, we give a tree decomposition-based algorithm that solves both
Minimum-Vertex Feedback Edge Set and Maximum Full-Degree Spanning Tree in O((2ω)3ω · ω · n) time on an n-vertex graph with a given tree
decomposition of width ω. The tree decomposition and treewidth of a graph
are defined as follows (refer to [5, 6, 7, 24] for surveys):
Definition 5.1. A tree decomposition for a graph G = (V, E) is a pair (T, X)
where T is a tree and X consists of subsets of V called bags. Each node i in T is
associated with exactly one bag Xi ∈ X such that the following three conditions
are satisfied:
1. Every vertex is contained in at least one bag.
2. For every edge, there exists a bag containing both of its endpoints.
3. For every vertex v ∈ V , the nodes that are associated with bags that
contain v form a connected subtree in T .
The width of a tree decomposition is the size of the largest bag minus one. The
treewidth ω of a graph is the minimum width over all possible tree decompositions.
The running time of our algorithm only depends on the treewidth ω of the
input graph; in particular, it solves both FDST and its dual problem VFES in
the same running time. While Broersma et al. [8] have already shown that both
VFES and FDST are solvable in linear time for graphs with bounded treewidth,
they did so by expressing the problem in monadic second-order logic. The
linear-time solvability follows then from a result of Arnborg et al. [3]. However,
this approach neither provides an exact dependency of the running time on
the treewidth—as a rule, the involved constant factors are huge—nor does it
provide much insight into how the bounded treewidth is exploited. By way of
contrast, we give a concrete dynamic programming algorithm based on a tree
decomposition of the input graph.
To simplify the presentation of our algorithm, we assume that the given tree
decompositions are nice:
Definition 5.2. A tree decomposition (T, X) is called nice if the tree T is
rooted and the following conditions are satisfied:
1. Every node of T has at most two children.
2. If a node i has two children j and k, the bags of all three nodes are the
same, that is, Xi = Xj = Xk . In this case, i is called a join node.
3. If a node i has one child j, then one of the following holds:
• |Xi | = |Xj | + 1 and Xj ( Xi . In this case, i is called an introduce
node.
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• |Xi | = |Xj | − 1 and Xi ( Xj . In this case, i is called a forget
node.
Assuming that we are working with nice tree decompositions is not a restriction because every tree decomposition can be efficiently transformed into a nice
tree decomposition [24, Lemma 13.1.3].
We present our tree decomposition-based algorithm from the “perspective”
of FDST, that is, we want to maximize the number of full-degree vertices.
Since the running time only depends on the treewidth of the input graph, note
that this algorithm also solves the dual problem VFES in the same time. In
what follows, we use Ti to denote the subtree of the decomposition tree T that is
rooted at node i. The graph Gi denotes the subgraph of G that is induced
S by the
vertices of the bags associated with the nodes of Ti , that is, Gi = G[ j∈Ti Xj ].
With “partitioning a graph” we subsequently mean a partition of the vertex set
and a “component” of a partition is the subgraph induced by a vertex subset in
the partition.
In order to compute a spanning tree with maximum number of full-degree
vertices, we have to solve two problems: making as many as possible vertices
full-degree and avoiding cycles induced by “full-degree edges,” that is, the edges
incident to full-degree vertices. Our solution strategy is, at every stage of the
dynamic programming (at node i with bag Xi ), to consider all valid annotations
of the graph Gi . A valid annotation of Gi consists of an assignment of vertices
in Gi to the two states, full-degree and reduced-degree, and a partition of Gi
into components, each of which has one of the following two properties:
P1. If a component contains only one vertex v, then v is either reduced-degree
or isolated in Gi .
P2. If a component contains more than one vertex, then the edges in Gi incident
to the full-degree vertices in this component induce a spanning tree of this
component.
Observe that, given a valid annotation of a connected graph G, one can easily
construct a spanning forest of G from the spanning trees of the components in
the partition of the annotation. The full-/reduced-degree states of the vertices
in this spanning forest correspond to the vertex states defined by the assignment
of the annotation. Conversely, each spanning tree of G corresponds clearly to
a valid annotation of G. Based on this observation, the dynamic programming
algorithm computes bottom-up, from the leaves to the root of the decomposition tree T , all valid annotations of the input graph G and outputs one with
maximum number of full-degree vertices.
Obviously, for a leaf node i of T , all valid annotations can be easily enumerated in O((2|Xi |)|Xi | · |Xi |) time, since there are O(2|Xi | ) possible assignments
for vertices in Xi and O(|Xi ||Xi | ) possible partitions of Gi . The validity of an
annotation can be tested in O(|Xi |) time. Concerning a forget node i with
a child node j, since Gi has the same vertex set as Gj , every valid annotation
of Gj is also a valid annotation of Gi . The computation at a forget node is
then trivial.
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Since the graph Gi of an introduce node i has one more vertex x than the
graph Gj associated with its child node j, it is possible that a component defined
by a partition of a valid annotation of Gj is extended by x or several components
are joined together by x. Therefore, for every valid annotation of Gi , we have to
examine for all valid annotations of Gj whether they can be transformed into this
valid annotation of Gi by setting x full-degree or not. Note that after setting the
full-/reduced-degree state of x we can easily decide whether x should be added to
a component or whether some components should be merged. Since x has only
neighbors in Xj , this decision can be made in O(|Xi |) time for any given valid
annotation of Gj . Altogether, we have a running time of O((2|Xi |)2|Xi | · |Xi |)
for one introduce node.
The computation at a join node i with two children j and l works in a
similar way as at an introduce node. Here, we have to consider the case
that several components of a valid annotation of Gj can be merged together
by several components of a valid annotation of Gl . Therefore, for one valid
annotation of Gi , all possible combinations of valid annotations from Gj and Gl
have to be examined, which results in a running time of O((2|Xi |)3|Xi | · |Xi |).
At the root of T the valid annotation of G with maximum number of fulldegree vertices is then returned as the output. The technical but more or less
standard details of the dynamic programming algorithm are deferred to the
Appendix. We arrive at the following theorem.
Theorem 5.1. For an n-vertex graph G with a given width-ω tree decomposition (T, X), both Minimum-Vertex Feedback Edge Set and Maximum
Full-Degree Spanning Tree can be solved in O((2ω)3ω · ω · n) time.
Proof. The most time-consuming computation takes place at a join node i with
a running time of O((2|Xi |)3|Xi | · |Xi |). Since |Xi | ≤ ω, we have the claimed
overall running time.
Using the linear problem kernels for VFES and FDST that were established
in Theorems 3.1 and 4.1, Theorem 5.1 implies subexponential-time algorithms
for these problems when restricted to planar graphs:
Corollary 5.1. In n-vertex
planar graphs, Minimum-Vertex Feedback Edge
√
O( k log k)
+ k 5 + n) time and Maximum Full-Degree
Set is solvable in O(2
√
O( k log k)
Spanning Tree in O(2
+ k 5 + n3 ) time, where k is the number of
degree-reduced vertices or full-degree vertices, respectively.
Proof. Both problems have linear-size kernels in planar graphs, that is, the
reduced graphs have at most O(k) vertices after performing the respective kernelization. The claim follows from Theorem
5.1 and the facts that planar O(k)√
vertex graphs have treewidth ω = O( k) and that a corresponding tree decomposition of width 3ω/2 can be computed in O(k 5 ) time [29].
While Theorem 5.1 means that VFES can be solved in subexponential time
in planar graphs, the constants hidden in the O-notation are very large and
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hence, for reasonable sizes of parameter k, the algorithm from Theorem 3.2 is
much more efficient than the one obtained in Theorem 5.1.
There are two further observations concerning subexponential-time fixedparameter algorithms for VFES and FDST:
1. Both problems are Θ(r2 )-minor-bidimensional, that is, the solution sizes
on r × r-grid graphs are Θ(r2 ) and the parameter “solution size” does not
increase when taking minors (see Demaine and Hajiaghayi [12] for a recent
survey on the already rich literature on this young field). Given this, one
can conclude, together with Theorem 5.1, that VFES and FDST can be
solved in subexponential time on superclasses of planar graphs based on
so-called parameter-treewidth bounds used in the same style as employed
in the proof of Corollary 5.1. We refer to the survey [12] and the literature
cited there for any details.
2. It seems plausible that by using so-called Catalan structures in dynamic
programming our approach can be specialized for planar graphs such that
one might get rid of the log k-factor in the exponent of Corollary 5.1. The
details, however, are tricky and we only refer to Dorn et al. [13] for more
on that.

6

Conclusion

Our main focus in this work was on problem kernels of linear size. As Fellows [16]
puts in his recent keynote speech, kernelization is a “humble strategy for coping
with hard problems, almost universally applied.” Thus, our results contribute to
a practically important as well as theoretically deep field of algorithmic research
(also see the survey [20]). In particular, it might be worth noting that the
data reduction rules for Maximum Full-Degree Spanning Tree work on
arbitrary graphs, not only for planar graphs. Experiments with data reduction
rules developed for Dominating Set on planar graphs applied to non-planar,
sparse graphs exhibited encouraging results on some real-world networks [1, 2].
Perhaps similar results can be achieved here. Thus, pursuing empirical studies
(similar to Bhatia et al. [4]) with real-world data in order to explore the practical
usefulness of our algorithms and problem kernelizations should be a worthwhile
topic for future research. In this way, one might provide a further study on the
practical usefulness of fixed-parameter algorithm design techniques (cf. [22]).
Our main technical contribution is the proof of the linear-size problem kernel for FDST in planar graphs. It is easily conceivable that there is room
for significantly improving the involved worst-case constant factors by refined
mathematical analysis—the situation is comparable (but perhaps even more
technical) with analogous results for Dominating Set in planar graphs [2, 9].
Having obtained linear problem kernel sizes for a problem and its dual, the way
for applying the lower bound technique for kernel size due to Chen et al. [9] now
seems open.
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Algorithm: Maximal F -region decomposition.
Input: A graph G = (V, E) and a maximum-size set F of full-degree vertices.
Output: A linear F -region decomposition R.
01
02
03
04
05
06
07
08
09

R ← ∅, Vused ← ∅
for each vertex u ∈ V do
if u 6∈ Vused and there exists a region R(v, w) with u ∈ V (R(v, w))
such that R ∪ {R} is an F -region decomposition then
S ← set of all regions R(v, w) with u ∈ V (R(v, w))
for which R ∪ {R} is an F -region decomposition
Rnew (v, w) ← region from S that is space-maximal
(that is, no region in S is a proper superset of it)
R ← R ∪ {Rnew (v, w)}, Vused ← Vused ∪ V (Rnew (v, w))
fi
od
return R

Figure 7: A greedy algorithm that constructs a linear F -region decomposition R
for a plane graph G and a maximum-size set F of full-degree vertices.

Appendix: Proof of Lemma 4.3
Proof. We use the greedy algorithm that is shown in Figure 7 to constructively
prove the existence of a linear F -region decomposition R as claimed. As a
remark, this algorithm is quite similar to the one that Alber et al. [2] used
for their proof of a linear-size kernel for Dominating Set in planar graphs;
the only difference is that our regions are bounded by length-at-most-5 paths
instead of length-at-most-3 paths.
Clearly, the given algorithm outputs an F -region decomposition for G. To
see the maximality of this decomposition, observe that for every vertex u that is
not in a region (that is, it has not been put into Vused ) we check whether there
is a region containing u that can be added to the existing region decomposition.
It remains to show the claimed upper bound on the number of regions in R.
For this purpose, consider a graph GR that has the vertex set F and the edge
set
[
{v, w} ,
ER =
R(v,w)∈R

that is, it contains an edge {v, w} for every region R(v, w) ∈ R. It is clear
that GR is planar because the input graph G is planar and regions do not
intersect. We now claim that GR has the following thinness property: If there
are four edges e1 , e2 , e3 , e4 between two vertices v, w, then there exist two further
vertices u1 and u2 in F , each one sitting in one of the four areas enclosed
by e1 , e2 , e3 , e4 . Once we have established the thinness property, the claimed
size-bound follows by a result of Alber et al. [2] who show that a plane graph G =
27
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A1

A2

v

A3

w

A4

Figure 8: Illustration for the proof of Lemma 4.3: Four edges in the
graph GR —each connecting two vertices v and w—divide the plane into four
areas A1 , . . . , A4 .
(V, E) with multiple edges satisfies |E| ≤ 3|V | − 6 for |V | ≥ 3 if each of the two
areas enclosed by two edges e1 and e2 with the same endpoints contains at least
one vertex; we just replace the two-edge enclosure by a four-edge enclosure of
four areas.11
To show the thinness property of GR , suppose that there are four edges in ER
between two vertices v and w; these divide the plane into four areas A1 , . . . , A4 .
Assume for the purpose of contradiction that at most one of the areas A1 , . . . , A4
contains a vertex u ∈ F . Without loss of generality, let this be the area A1 as
in Figure 8. Consider the area A3 . By construction of GR , the two edges
that enclose A3 correspond to two regions R1 (v, w) and R2 (v, w) in the input
graph G. But then G must have at least one vertex u′ lying inside of A3 because,
otherwise, the regions R1 (v, w) and R2 (v, w) could be joined into a single, larger
region, which contradicts the space-maximality that we demand in line 05 of
the construction algorithm. The space-maximality also tells us that u′ must
have distance at least three to both v and w. This, however, implies that u′
has distance at least three to every vertex in F because the areas A2 and A4
contain no vertex from F . This contradicts Lemma 4.1 and we have thus shown
that GR has the claimed thinness property.

Appendix: Details of the dynamic programming
algorithm in Section 5
To describe the algorithm, we define 2 · ω possible states C(v) := (C1 (v), C2 (v))
for each vertex v in a bag Xi where C1 and C2 are two functions C1 : Xi →
{1, . . . , ω} and C2 : Xi → {0, 1}. The first function C1 (v) for v ∈ Xi returns
the number of the component containing v. (Since |Xi | ≤ ω there can be at
most ω components containing vertices from Xi .) The second function C2 (v)
encodes the information whether v is a full-degree vertex (C2 (v) = 1) or not
(C2 (v) = 0).
The various possible combinations of vertex states that encode the components of G[Xi ] correspond to the rows of a table Fi for every node i of the tree
11 For |V | = 2, it is easy to see that there can be at most one single region and hence the
lemma holds.
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decomposition. For a combination C := (C(xi1 ), . . . , C(xit )) of vertex states
for the vertices in Xi = {xi1 , xi2 , . . . , xit }, t ≤ ω, the entry Fi (C) stores the
maximum number of full-degree vertices of a spanning tree for Gi under the
condition that the vertices in Xi have the states as encoded in C.
In the following, we describe the details of the algorithm with respect to
each node type. As the dynamic programming works bottom-up, we start with
the leaf nodes.
Leaf nodes: Let i denote a leaf of T with Xi = {xi1 , . . . , xit }. We call
a combination of vertex states C := (C(xi1 ), . . . , C(xit )) valid, if the following
conditions are satisfied:
• If there are two vertices u, v ∈ Xi with C1 (u) = C1 (v), then there has to
be a path between u and v in G[Xi ] whose edges are all full-degree edges.
• For each edge e = {u, v} in G[Xi ] with C1 (u) 6= C1 (v), it holds that C2 (u) =
C2 (v) = 0.
• For each c ∈ {1, . . . , ω}, there is no cycle in G[{v ∈ Xi | C1 (v) = c}]
consisting of full-degree edges.
The table entries Fi are then computed as follows.
(
|{v ∈ Xi | C2 (v) = 1}| if C is valid
Fi (C) =
−∞
otherwise.
For the subsequent dynamic programming it is important that the following
invariant holds: If Fi (C) 6= −∞, then each component of G[Xi ] as encoded
by C1 of C has one of the properties P1 and P2 (see Section 5). Clearly, these
two properties are already fulfilled by leaf nodes.
Forget nodes: For a forget node i with child node j, Xi = {xi1 , xi2 , . . . , xit }
and Xj = {xi1 , xi2 , . . . , xit , x}, the components in Gi are the same as in Gj .
Thus, the table entries Fi can be easily computed:


.
Fi (C) = max Fj C(xi1 ), . . . , C(xit ), C(x)
C(x)

Introduce nodes: In order to compute Fi (C) for an introduce node i with
node j as child, that is Xi = {xi1 , xi2 , . . . , xit , x} and Xj = {xi1 , xi2 , . . . , xit }, we
distinguish two cases, namely C2 (x) = 0 and C2 (x) = 1. For each of these cases,
we define first a compatibility set comp(C) of C and Fi (C) is then computed
based on comp(C).
In the case that C2 (x) = 0, the compatibility set comp(C) of C contains
the combinations of vertex states C ′ = (C ′ (xi1 ), . . . , C ′ (xit )) that satisfy the
following conditions:
• ∀u ∈ Xj : C2 (u) = C2′ (u),
• ∀u ∈ Xj : C1 (u) = C1′ (u) ∨ C1 (u) = C1 (x),
• ¬∃u, v ∈ Xi ∩ N (x) : C1 (u) = C1 (v) ∧ C2′ (u) = C2′ (v) = 1, and
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• ∀u ∈ Xj : C1 (u) = C1 (x) ⇔ (∃v ∈ Xj ∩N (x) : C1′ (u) = C1′ (v)∧C2′ (v) = 1).
Then, Fi (C) is computed as follows.
(
max{Fj (C ′ ) | C ′ ∈ comp(C)}
Fi (C) =
−∞

if comp(C) 6= ∅
otherwise.

For the case that C2 (x) = 1, the compatibility set comp(C) of C contains
the combinations of vertex states C ′ = (C ′ (xi1 ), . . . , C ′ (xit )) that satisfy the
following conditions:
• ∀u ∈ Xj : C2 (u) = C2′ (u),
• ∀u ∈ Xj : C1 (u) = C1′ (u) ∨ C1 (u) = C1 (x),
• ¬∃u, v ∈ Xi ∩ N (x) : C1 (u) = C1 (v), and
• ∀u ∈ Xj : C1 (u) = C1 (x) ⇔ (∃v ∈ Xj ∩ N (x) : C1′ (u) = C1′ (v)).
Then, Fi (C) is computed as follows.
(
1 + max{Fj (C ′ ) | C ′ ∈ comp(C)}
Fi (C) =
−∞

if comp(C) 6= ∅
otherwise.

The correctness of these cases follows from the observation that several components of Gj encoded by combinations of states of vertices in Xj can be merged
into one connected component. Therefore, we consider only the combinations
of states of vertices in Xj which encode components that we can merge, that is,
to merge these components does not result in a cycle consisting exclusively of
edges incident to vertices v with C2 (v) = 1. These combinations are enclosed
in comp(C).
Join nodes: For a join node i with nodes j and l as children, assume
that Xi = Xj = Xl = {xi1 , xi2 , . . . , xit }. In analogy to introduce nodes,
we compute a compatibility set comp(C). By setting S(Xi , C, c) := {v ∈ Xi |
C1 (v) = c} for c ∈ {1, . . . , ω}, the compatibility set comp(C) of C contains pairs
of combinations of vertex states (C ′ , C ′′ ) such that
• for all v ∈ Xi , C2 (v) = C2′ (v) = C2′′ (v), and,
• for each c ∈ {1, . . . , ω}, there are two subsets Y and Z of {1, . . . , ω} such
that
S
S
– S(Xi , C, c) = ( c′ ∈Y S(Xi , C ′ , c′ )) ∪ ( c′′ ∈Z S(Xi , C ′′ , c′′ )),

– for every two c1 , c2 from Y (or Z), there is a c from Z (or Y ) such
that S(Xi , C ′ , c1 )∩S(Xi , C ′′ , c) 6= ∅ and S(Xi , C ′ , c2 )∩S(Xi , C ′′ , c) 6=
∅, and

– for every two vertices u, v with u, v ∈ S(Xi , C ′ , c′ ) ∩ S(Xi , C ′′ , c′′ )
for c′ ∈ Y and c′′ ∈ Z, there is a path between u and v consisting solely of edges in G[Xi ] which are all incident to vertices w
with C2 (w) = 1.
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The computation of Fi (C) is similar to the one at introduce nodes,
namely,
Fi (C) :=

max

{Fj (C ′ ) + Fl (C ′′ ) − |{v ∈ Xi | C2 (v) = 1}|}.

(C,C ′′ )∈comp(C)
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