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Given a boolean 2CNF formula F , the Max2Sat problem
is that of nding the maximum number of lauses satis able simultaneously. In the orresponding de ision version, we are given an additional
parameter k and the question is whether we an simultaneously satisfy
at least k lauses. This problem is NP - omplete. We improve on known
upper bounds on the worst ase running time of Max2Sat, implying
also new upper bounds for Maximum Cut. In parti ular, we give experimental results, indi ating the pra ti al relevan e of our algorithms.
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Abstra t.

1 Introdu tion
The (unweighted) Maximum Satis ability problem (MaxSat) is to assign
values to boolean variables in order to maximize the number of satis ed
lauses in a CNF formula. Restri ting the lause size to two, we obtain
Max2Sat. When turned into \yes{no" problems by adding a goal k representing the number of lauses to be satis ed, MaxSat and Max2Sat are
NP - omplete [7℄. EÆ ient algorithms for MaxSat, as well as Max2Sat,
have re eived onsiderable interest over the years [2℄. Furthermore, there
are several papers whi h deal with Max2Sat in detail, e.g., [3, 4, 6℄. These
papers present approximation and heuristi algorithms for Max2Sat. In
this paper, by way of ontrast, we introdu e algorithms that give optimal solutions within provable bounds on the running time. The arising
solutions for Max2Sat are both fast and exa t and show themselves to
be interesting not only from a theoreti al point of view, but also from a
pra ti al point of view due to the promising experimental results we have
found.
The following omplexity bounds are known for Max2Sat: There
is a deterministi , polynomial time approximation algorithm with approximation fa tor 0:931 [6℄. On the other hand, unless P = NP , the
approximation fa tor annot be better than 0:955 [9℄. With regard to exa t algorithms, resear h so far has on entrated on the general MaxSat
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problem [1, 12℄. As a rule, the algorithms whi h are presented there (as
well as our own) are based on elaborate ase distin tions. Taking the ase
distin tions in [12℄ further, Bansal and Raman [1℄ have re ently presented
the following results: Let jF j be the length of the given input formula and
K be the number of lauses in F . Then MaxSat an be solved in times
K
jF j ). The latter result implies that, using
O (1:3413 jF j) and O (1:1058
K
jF j = 2K , Max2Sat an be solved in time O (1:2227 ), this being the
best known result for Max2Sat so far. Moreover, Bansal and Raman
have shown that, given the number k of lauses whi h are to be satis ed
in advan e, MaxSat an be solved in O(1:3803k k2 + jF j) time.
Our main results are as follows: Max2Sat an be solved in times
jF j ), O(1:2035K ), and O(1:2886k k + jF j), respe tively. In adO (1:0970
dition, we show that if ea h variable in the formula appears at most
three times, then Max2Sat, still NP - omplete, an be solved in time
k
O (1:2107 jF j). In referen e to modi
ations of our algorithms done in
[8℄, we nd that Maximum Cut in a graph with n verti es and m edges
an be solved in time O(1:3197m ). If restri ted to graphs with vertex degree at most three, it an be solved in time O(1:5160n ), and, if restri ted
to graphs with vertex degree at most four, in time O(1:7417n ). In addition, the same algorithm omputes a Maximum Cut of size at least k
in time O(m + n + 1:7445k k), improving on the previous time bounds of
k
k
O (m + n + 4 k ) [11℄ and O (m + n + 2:6196 k ) [12℄.
Aside from the theoreti al improvements gained by the new algorithms
we have developed, an important ontribution of our work is also to show
the pra ti al signi an e of the results obtained. Although our algorithms
are based on elaborate ase distin tions whi h show themselves to be ompli ated upon analysis, they are relatively easy to apply when dealing with
the number of ases the a tual algorithm has to distinguish. Unlike what
is known for the general MaxSat problem [1, 12℄, we thereby have for
Max2Sat a omparatively small number of easy to he k ases, making
our implementation pra ti al. Moreover, analyzing the frequen y of how
often di erent rules are applied, our experiments also indi ate whi h rules
might be the most valuable ones. Our algorithms an ompete well with
heuristi ones, su h as the one des ribed by Bor hers and Furman [3℄.
Independent from our work, Hirs h [10℄ has simultaneously developed upper bounds for the Max2Sat problem. He presents an algorithm
with bounds of O(1:0905jF j ) with respe t to the formula length jF j and
K
O (1:1893 ) with respe t to the number of
lauses K , whi h are better
than the bounds shown for our algorithms. Moreover, he points out that
his algorithm also works for weighted versions of Max2Sat. On the other

LCNS, Vol 1767, pp. 174–186, Springer 2003

hand, however, he does not give any bound with respe t to k, the number
of satis able lauses. His analysis is simpler than ours, as he makes use
of a result by Yannakakis [15℄. The algorithm itself, however, seems mu h
more omplex and is not yet a ompanied by an implementation. The
redu tion step of Hirs h's algorithm has a polynomial omplexity, as a
maximum ow omputation has to be done, and it would be interesting
to see whether this will turn out to be eÆ ient in pra ti e.
Due to the la k of spa e, we omitted several details and refer to [8℄
for more material.

2 Preliminaries and transformation rules
We use primarily the same notation as in [1, 12℄. We study boolean formulas in 2CNF, represented as multisets of sets ( lauses). A subformula, i.e.,
a subset of lauses, is denoted losed if it is a minimal subset of lauses
allowing no variable within the subset to o ur outside of this subset as
well. A lause that ontains the same variable positively and negatively,
e.g., fx; xg, is satis ed by every assignment. We will not allow for these
lauses here, and assume that su h lauses are always repla ed by a spe ial
lause >, denoting a lause that is always satis ed. We all a lause ontaining r literals simply an r- lause. Its length is therefore r. A formula in
2CNF is one onsisting of 1- and 2- lauses. We assume that 0- lauses do
not appear in our formula, sin e they are learly unsatis able. The length
of a lause is its ardinality, and the length of a formula is the sum of the
lengths of its lauses. Let l be a literal o urring in a formula F . We all
it an (i; j )-literal if the variable orresponding to l o urs exa tly i times
as l and exa tly j times as l. Analogously, we obtain (i+ ; j )-, (i; j + )-, and
(i+ ; j + )-literals by repla ing \exa tly" with \at least" at the appropriate positions, and get (i ; j )-, (i; j )- and (i ; j )-literals by repla ing
\exa tly" with \at most". Following Bansal and Raman [1℄, we all an
(i; j )-literal an (i; j )[p1 ; : : : ; pi ℄[n1 ; : : : ; nj ℄-literal if the lauses ontaining l are of length p1  : : :  pi and those ontaining l are of length
n1  : : :  nj . For a literal l and a formula F , let F [l ℄ be the formula
originating from F by repla ing all lauses ontaining l with > and removing l from all lauses where it o urs. We say x~ o urs in a lause C
if x 2 C or x 2 C . We write #x~ for the number of o urren es of x~ in the
formula. Should variable x~ and variable y~ o ur in the same lause, we
all this instan e a ommon o urren e and write #x~y~ for the number of
their ommon o urren es in the formula. In the same way, we write #xy
for the number of ommon o urren es of literals x and y.
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As with earlier exa t algorithms for MaxSat [1, 12℄, our algorithms
are re ursive. They go through a number of transformations and bran hing rules, where the given formula is simpli ed by assigning boolean values
to some arefully sele ted variables. The fundamental di eren e between
transformation and bran hing rules is that when the former has been
given a formula, it is repla ed by one simpler formula, whereas in the latter a formula is repla ed by at least two simpler formulas. The asymptoti
omplexity of the algorithm is governed by the bran hing rules. We will
use re urren es to des ribe the size of the orresponding bran hing trees
reated by our algorithms. Therefore, we will apply one of the transformation rules whenever possible, as they avoid a bran hing of re ursion.
In the rest of this se tion, we turn our attention to the transformation
rules. Our work here follows that of [12℄ losely, as the rst 4 rules have
also been used there. Their orre tness is easy to he k.
1. Pure Literal Rule: Repla e F with F [l℄ if l is a (1+ ; 0)-literal.
2. Dominating 1-Clause Rule: If l o urs in i lauses and l o urs in at
least i 1- lauses of F , then repla e F with F [l℄.
3. Complementary 1-Clause Rule: If F = ffxg; fxgg [ G, then repla e
F with G, in reasing the number of satis ed lauses by one.
4. Resolution Rule: If F = ffx; l1 g; fx; l2 gg [ G and G does not ontain
x
~, then repla e F with ffl1 ; l2 gg[G, in reasing the number of satis ed
lauses by one.
5. Almost Common Clauses Rule: If F = ffx; yg; fx; ygg [ G, then repla e F with fxg [ G, in reasing the number of satis ed lauses by
one.
6. Three O urren e Rules: We onsider two sub ases:
(a) If x is a (2; 1)-literal, F = ffx; yg; fx; yg; fx ; ygg [ G, and G does
not ontain x~, then repla e F with G, in reasing the number of
satis ed lauses by three.
(b) If x is (2; 1)-literal, and either F = ffx; yg; fx; yg; fx ; l1 gg [ G or
F = ffx; yg; fx; l1 g; fx
; ygg [ G, then repla e F with ffy; l1 gg [ G
or ffy; l1 gg [ G, respe tively, in reasing the number of satis ed
lauses by two.
The Almost Common Clauses Rule was introdu ed by Bansal and
Raman [1℄. In the rest of this paper, we will all a formula redu ed if none
of the above transformation rules an be applied to it. The orre tness
of many of the bran hing rules that we will present relies heavily on the
fa t that we are dealing with redu ed formulas.
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3 A bound in the number of satis able lauses
Theorem 1 For a 2CNF formula F , it an be omputed in time O(jF j +
1:2886k k) whether or not at least k lauses are simultaneously satis able.

Theorem 1 is of spe ial interest in so- alled parameterized omplexity
theory [5℄. The orresponding bound for formulas in CNF is O(jF j +
1:3803k k2 ) [1℄. In this expression 1:3803k gives an estimation of the bran hing tree size. The time spent in ea h node of the tree is O(jF j), whi h
for CNF formulas is shown to be bounded by k2 [11℄. For 2CNF formulas,
however, we an improve this fa tor for every node of the tree from k2
to k: Note that the ase where k  d K2 e with K as the number of lauses
is trivial, sin e for a random assignment, either this assignment or its
inverse satisfy d K2 e lauses. For k > d K2 e, however, Max2Sat formulas
have jF j = O(k).
Before sket hing the remaining proof of Theorem 1, we give a orollary.
Consider a 2CNF input formula in whi h every variable o urs at most
three times. This problem is also NP - omplete [13℄, but we an improve
our upper bounds by ex luding some of the ases ne essary for general
2CNF formulas, thus obtaining a better bran hing than in Theorem 1.
We omit details.
Corollary 2 For a 2CNF formula F where every variable o urs at most
three times, it an be omputed in time O(jF j +1:2107k k) whether or not
at least k lauses are simultaneously satis able.

We now sket h the proof of Theorem 1. We present algorithm A with the
given running time. As an invariant of our algorithm, observe that the
subsequently des ribed bran hing rules are only applied if the formula
is redu ed, that is, there is no transformation rule to apply. The idea
of bran hing is based on dividing the sear h spa e, i.e. the set of all
possible assignments, into several parts, nding an optimal assignment
within ea h part, and then taking the best of them. Carefully sele ted
bran hings enable us to simplify the formula in some of the bran hes.
Observe that the subsequent order of the steps is important. In ea h
step, the algorithm always exe utes the appli able bran hing rule with
the lowest possible number:
RULE 1: If there is a (9+ ; 1)-, (6+ ; 2)-, or (4+ ; 3+ )-literal x, then
we bran h into F [x℄ and F [x℄. The orre tness of this rule is lear. In
the worst ase, a (4; 3)-literal, by bran hing into F [x℄, we may satisfy 4
lauses and by bran hing into F [x℄, we may satisfy 3 lauses. We des ribe
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this situation by saying that we have a bran hing ve tor (4; 3), whi h
expresses the orresponding re urren e for the sear h tree size, solvable
by standard methods ( f. [1, 12℄). Solving the orresponding re urren e
for the bran hing tree size, we obtain here the bran hing number 1:2208.
This means that were we always to bran h a ording to a (4; 3)-literal, the
bran hing tree size would be bounded by 1:2208k . It is easy to he k that
bran hing ve tors (9; 1) and (6; 2) yield better (i.e., smaller) bran hing
numbers.
RULE 2: If there is a (2; 1)-literal x, su h that F = ffx; yg; fx; zgg [
G and y o
urs at least as often in F as z , then bran h as follows: If both
y and z are (2; 1)-literals, bran h into F [x℄ and F [
x℄. We an show a worst
ase bran hing ve tor of (4; 5) in these situations. Otherwise, i.e., if one
of y and z is not (2; 1), then bran h into F [y℄ and F [y ℄. The orre tness
is again obvious. However, the omplexity analysis (i.e., analysis of the
bran hing ve tors) is signi antly harder in this ase. Keep in mind that
the formula is redu ed, meaning that we may ex lude all ases where a
transformation rule would apply.
First, we distinguish a ording to the number of ommon o urren es
of x~ and y~: Assuming that there are three ommon o urren es we either
have lauses fx; yg, fx; yg, lauses fx; yg, fx; yg, or lauses fx; yg, fx; yg,
fx
; yg. In the rst two ases, the Almost Common Clause Rule applies
( f. Se tion 2), and in the latter ase, the rst of the Three O urren e
Rules applies. Analogously, assuming two ommon o urren es, either
the Almost Common Clause Rule or the se ond of the Three O urren e
Rules applies. Hen e, be ause the formula is redu ed, we an negle t these
ases.
It remains to onsider only one ommon o urren e of x~ and y~. We
make the following observation: By satisfying y, we redu e literal x to
o urren e two and the Resolution Rule applies, eliminating x~ and satisfying one additional lause. On the other hand, satisfying y leaves a unit
o urren e of x and the Dominating 1-Clause Rule applies, eliminating x~
from the formula and satisfying the two x- lauses. Now we onsider ea h
possible o urren e pattern for literal y. If y o urs at least four times,
it is a (3+ ; 1)-, (1; 3+ )-, or a (2+ ; 2+ )-literal, and using the given observation, in the worst ases we obtain bran hing ve tors (4; 3), (2; 5), or (3; 4).
If y o urs only three times, it is a (2; 1)- or (1; 2)-literal. We then take
a literal z into onsideration as well. We know from the way in whi h
y was hosen that the literal z is also of o
urren e three. We onsider
all ombinations of y and z , whi h are either (2; 1)- or (1; 2), and also
over a possible ommon o urren e of y~ and z~ in one lause. Bran hing
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as spe i ed, we in the worst ase obtain a bran hing ve tor (2; 6), namely
when both y and z are (1; 2) and there is no ommon lause of y and z .
We omit the details here.
Summarizing, for RULE 2, the worst observed bran hing ve tor is
(2; 5), whi h orresponds to the bran hing number 1:2365.
RULE 3: If there is a (3+ ; 3+ )- or (4+ ; 2)-literal x, then bran h into
F [x℄ and F [
x℄. Trivially we get the bran hing ve tors (3; 3) and (4; 2),
implying the bran hing numbers 1:2600 and 1:2721.
RULE 4: If there is a ( ; 1)-literal x with 2 f3; 4; 5; 6; 7; 8g, then
hoose a literal y o urring in a lause fx; yg and bran h into F [y℄ and
F [
y ℄. Again, this is learly orre t.
With regard to the omplexity analysis, we observe that by satisfying
y
, a unit o urren e of x arises and the Dominating 1-Clause Rule applies, satisfying all x- lauses. Having rea hed RULE 4, we know that all
literals in the formula o ur at least four times, as the 3-o urren es are
eliminated by RULE 2. We onsider di erent possible ases for y, namely
+
+
+ +
y being a (3 ; 1)-, (1; 3 )-, or (2 ; 2 )-literal, and we onsider all possible
numbers of ommon o urren es of x~ and y~. Using the given observation,
we an show a bran hing ve tor of (1; 6) in the worst ase, namely for
a (3; 1)-literal x, a (1; 3)-literal y, and #x~y~ = 1. This orresponds to the
bran hing number 1:2852. Again, we omit the details.
RULE 5: By this stage, there remain only (2; 2)-, (3; 2)-, or (2; 3)literals in the formula. RULE 5 deals with the ase that there is a (2; 2)literal x. Our bran hing rule now is more involved. We hoose a literal y
o urring in a lause fx; yg and a literal z o urring in a lause fx; zg.
For x~ having at least two ommon o urren es with y~ or z~, we bran h
into F [x℄ and F [x℄. If this is not the ase but y~ and z~ have at least
two ommon o urren es, we bran h into F [y℄ and F [y ℄. It remains that
#x~y~ = 1, #x~z~ = 1, and #y~z~  1. If y~ and z~ have a ommon o urren e in
a lause fy; zg, we bran h into F [y℄, F [yz ℄, and F [y z℄. If not, i.e. there is
no lause fy; zg, we bran h into F [yz ℄, F [y z ℄, F [yz℄, and F [yz℄. It is easy
to verify that we have overed all possible ases.
Regarding the omplexity analysis, we rst make use of the following:
Whenever two literals being (2; 2) or (3; 2) have at least two ommon
o urren es, we an take one of them and bran h setting it true and
false. In the worst ase, this results in the bran hing ve tor (2; 5) with
bran hing number 1:2366.
Thus, we are only left with situations in whi h #x~y~ = 1, #x~z~ = 1,
and #y~z~  1. For these ases, we onsider all arrangements of x~, y~ and
z
~ possible, with x being (2; 2), y being (2+ ; 2+ ) and z being (2+ ; 2+ ).
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We obtain \good" bran hing numbers of 1:2886 for ve tors as, su h as
(5; 6; 5; 6) in most ases by bran hing into F [yz ℄, F [yz ℄, F [yz℄, and F [yz℄.
Only for a possible ommon o urren e of y~ and z~ in a lause fy; zg would
the bran hing number be worse. We avoid this by bran hing into F [y℄,
F [
y z ℄, and F [
yz
℄ instead. Here, we study in more detail what happens in
the single sub ases: Setting y true in the rst sub ase of the bran hing, we
satisfy two y- lauses. By setting y false and z true in the se ond sub ase,
we dire tly eliminate two y- and two z - lauses. Consequently, the Dominating Unit Clause Rule now applies for x and satis es two additional
lauses. In total, we satisfy six lauses in the se ond sub ase. Setting y
and z false in the third sub ase, we satisfy two y- and two z- lauses.
In addition, there arise unit lauses for x and x su h that the Complementary 1-Clause Rule and then the Resolution Rule apply, satisfying
two additional lauses. Summarizing these onsiderations, the resulting
bran hing ve tor is (2; 6; 6) with bran hing number 1:3022.
For our purpose, this ve tor is still not good enough. However, we
observe that in the rst bran h x~, is redu ed to o urren e three, meaning
that in this bran h the next rule that will be applied will undoubtly be
RULE 2. We re all that RULE 2 yields the bran hing ve tor (2; 5), and
possibly even a better one. Combining these two steps, we obtain the
bran hing ve tor (4; 7; 6; 6) and the bran hing number 1:2812.
Note that in RULE 5, we have the real worst ase of the algorithm,
namely for the situation of #x~y~ = #x~z~ = #y~z~ = 1 and y~ and z~ having
their ommon o urren e in a lause fy; zg. For this situation, we an
nd no bran hing rule improving the bran hing number 1:2886.
RULE 6: When this rule applies, all literals in the formula are either
(3; 2) or (2; 3). We hoose a (3; 2)-literal x. The bran hing instru tion is
now primarily the same as in RULE 5 above. However, it is now possible that there is no literal z o urring in a lause fx; zg, as the two
x
-o urren es may be in unit lauses. In this ase, i.e. for two x-unit
lauses, we bran h into F [y℄ and F [y℄. Having two or more ommon o urren es for a pair of x~, y~, and z~, we bran h as in RULE 5. For the
remaining ases, i.e. #x~y~ = 1, #x~z~ = 1, and #y~z~  1, we bran h into
F [y ℄, F [
y z ℄, and F [
yz
℄.
The omplexity analysis works analogously to RULE 5. For #x~y~ = 1,
#x~z~ = 1, and #y~z~  1 we test all possible arrangements of x~, y~, and z~
with x being (3; 2) and y and z being either (3; 2) or (2; 3). The worst ase
bran hing ve tor in these situations, when bran hing into F [y℄, F [yz ℄, and
F [
yz
℄, is (2; 9; 5) and yields the bran hing number 1:2835. Again, we omit
the details.
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4 A bound in the formula length
Compare Theorem 3 with the O(1:1058jF j ) time bound for MaxSat [1℄.
Observe that when the exponential bases are lose to 1, even small improvements in the exponential base an mean signi ant progress.
Theorem 3 Max2Sat an be solved in time O(1:0970jF j ).

We sket h the proof of Theorem 3, presenting Algorithm B with the given
running time. For the most part, it is equal to Algorithm A, sharing the
bran hing instru tions of RULEs 1 to 4. Taking up ideas given in [1℄, we
repla e RULE 5 and 6 with new bran hing instru tions RULE 50 , 60 , 70 ,
and 80 .
For the rules known from Algorithm A, it remains to examine their
bran hing ve tors with respe t to formula length. As the analysis is in
essen e the same as that of the proof for Theorem 1, we omit the details
on e again, while only stating that the worst ase bran hing ve tor with
respe t to formula length for RULEs 1 to 4 is (7; 8) (bran hing number
1:0970), and ontinue with the new instru tions:
RULE 50 : Upon rea hing this rule, all literals in the formula are of
type (2; 2), (3; 2), or (2; 3). RULE 50 deals with the ase that there is a
(3; 2)-literal x, whi h is not (3; 2)[2; 2; 2℄[1; 2℄.
If x is a (3; 2)[2; 2; 2℄[2; 2℄-literal, we bran h into F [x℄ and F [x℄. Counting the literals eliminated in either bran h, we easily obtain a bran hing
ve tor of (8; 7).
If x is (3; 2)[2; 2; 2℄[1; 1℄-literal with lauses fx; y1 g, fx; y2 g, and fx; y3 g
in whi h some of y1 , y2 , and y3 may be equal, we bran h into F [x℄ and
F [xy
1 y2 y3 ℄. This is orre t, as should we want to satisfy more lauses by
setting x to true than by setting x to false, all y1 , y2 and y3 must be
falsi ed. We easily he k that if all y1 , y2 , and y3 are equal, we obtain a
bran hing ve tor of (10; 10). For at least two literals of y1 , y2 , and y3 being
distin t, we eliminate in the rst sub ase eight literals, namely the literals
in the satis ed x- lauses and the falsi ed x-literals. In the se ond sub ase,
we eliminate x~, having ve o urren es and two variables having at least
four o urren es. This gives a bran hing ve tor of (8; 13), orresponding
to the bran hing number 1:0866.
If x is ultimately a (3; 2)[1; 2; 2℄[2; 2℄-literal with lauses fx; z1 g, fx; z2 g
in whi h z1 and z2 may be equal, we bran h into F [x℄ and F [xz1 z2 ℄. The
orre tness is shown as in the previous ase. In the rst bran h, we dire tly
eliminate eight literals. In the se ond bran h, we eliminate literal x having
ve o urren es and at least one literal having four or ve o urren es.
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This gives a bran hing ve tor of (7; 9), orresponding to the bran hing
number 1:0910.
By using these bran hing instru tions we obtain for RULE 50 the
worst ase bran hing ve tor (8; 7) in terms of formula length, namely for
a (3; 2)[2; 2; 2℄[2; 2℄-literal x. This orresponds to the bran hing number
1:0970 and will turn out to be the overall worst ase in our analysis of
the algorithm.
RULE 60 : Upon rea hing this rule, all remaining literals in the formula are either (2; 2), (3; 2)[2; 2; 2℄[1; 2℄, or (2; 3)[1; 2℄[2; 2; 2℄. RULE 60
deals with the ase that there is a (2; 2)[2; 2℄[1; 2℄-literal x, i.e. a (2; 2)literal having a unit o urren e of x. As this rule is similar to RULE 50 ,
we omit the details here and laim a worst ase bran hing ve tor of (5; 12)
orresponding to the number 1:0908.
RULE 70 eliminates all remaining (3; 2)-literals, namely those of type
(3; 2)[2; 2; 2℄[1; 2℄. We sele t literals y1 , y2 , y3 , and z from lauses fx; y1 g,
fx; y2 g, fx; y3 g, and fx
; zg. If there is a variable y~ whi h equals at least
two of the variables y~1 , y~2 , y~3 , and z~, we bran h into sub ases F [y℄ and
F [
y ℄. Otherwise, i.e. all variables y~1 , y
~2 , y~3 , and z~ are distin t, we bran h
into sub ases F [y1 x℄, F [y1 xy2 y3 z ℄, and F [y1 ℄. The analysis of this rule
is omitted here, as it is in large extent analogous to the nal RULE 80 ,
whi h we will study in more detail.
RULE 80 applies to the (2; 2)[2; 2℄[2; 2℄-literals, whi h are the only
literals remaining in the formula. Consider lauses fx; y1 g, fx; y2 g, fx; z1 g,
and fx; z2 g. In the ase where there is a variable y~ whi h equals two of
the variables y~1 , y~2 , z~1 , or z~2 , i.e. y~ has two or more ommon o urren es
with x~, we bran h into F [y℄ and F [y℄. We an easily see how to obtain
a bran hing ve tor of (8; 8) and the bran hing number 1:0906, as setting
a value for y~ implies a value for x~. Therefore, we pro eed to the ase of
distin t variables y~1 , y~2 , z~1 , and z~2 .
First, we dis uss the orre tness of the sub ases. The orre tness of
the sub ases F [y1 x℄, F [y1 x℄, F [y1 x℄ and F [y1 x℄ is obvious. Now assume
in the se ond bran h that a partner of x, e.g. z1 , would be falsi ed. Then,
in omparison to the rst bran h, we would lose the now falsi ed lause
fx
; z1 g, but ould, in the best ase, gain one additional x- lause. On the
other hand, assume that y2 would be satis ed. Then in the se ond bran h,
as ompared with the rst one, we an not gain any additional x- lause,
but ould lose some x- lauses. This shows that in the se ond bran h,
we an negle t the onsidered assignments, as they do not improve the
result obtained in the rst bran h. Analogously, we obtain the additional
assignments in the fourth bran h and, therefore, bran h into sub ases
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[ 1 ℄, F [y1 xy2 z1 z2 ℄, F [y1 x℄, and F [y1 xy2 z1 z2 ℄. Knowing that all literals
in the formula are (2; 2)[2; 2℄[2; 2℄, we obtain the ve tor (11; 20; 11; 20).
As this ve tor does not satisfy our purpose, we further observe that in
bran h F [y1 x℄ and in bran h F [y1 x℄, there are undoubtly literals redu ed
to an o urren e of three or two. These literals are either eliminated due
further redu tion, or give rise to a RULE 2 bran hing in the next step. We
he k that the worst ase bran hing ve tor in RULE 2 is (7; 10). Combining these steps, we are now able to give a worst ase bran hing ve tor for
RULE 80 of (18; 21; 20; 18; 21; 20), orresponding to the bran hing number
1:0958.
This ompletes our algorithm and its analysis in terms of formula
length. Omitting some details, we have shown a worst ase bran hing
number of 1:0970 in all bran hing sub ases, whi h justi es the laimed
time bound.
For MaxSat in terms of the number of lauses, the upper time bound
K
O (1:3413 jF j) is known [1℄. Setting jF j = 2K in Theorem 3, we obtain:

F y x

Corollary 4 Max2Sat an be solved in time O(1:2035K ).

Using this algorithm we an also solve the Maximum Cut problem,
as we an translate instan es of the Maximum Cut problem into 2CNF
formulas [11℄. In fa t, these formulas exhibit a spe ial stru ture and we
an modify and even simplify the shown algorithm, in order to obtain
better bounds on formulas having this spe ial stru ture. As shown in [8℄
on 2CNF formulas generated from Maximum Cut instan es, Max2Sat
an be solved in time O(1:0718jF j ) and O(jF j + 1:2038k ), where k is the
maximum number of satis able lauses in the formula. This implies the
bounds for Maximum Cut shown in Theorem 5. Observe for part (2) that
Maximum Cut, when restri ted to graphs of vertex degree at most three,
is NP - omplete [7℄.
Theorem 5 1. For a graph with n verti es and m edges the Maximum
Cut problem is solvable in O(1:3197m ) time.
2. If the graph has vertex degree at most three, then Maximum Cut an
be solved in time O(1:5160n ). If the graph has vertex degree at most
four, then Maximum Cut an be solved in time in O(1:7417n ).
3. We an ompute in time O(m + n + k  1:7445k k) whether there is a
maximum ut of size k.
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5 Experimental results
Here we indi ate the performan e of our algorithms A (Se tion 3) and
B (Se tion 4), and ompare them to the two-phase heuristi algorithm
for MaxSat presented by Bor hers and Furman [3℄. The tests were run
on a Linux PC with an AMD K6 pro essor (233 MHz) and 32 MByte of
main memory. All experiments are performed on random 2CNF-formulas
generated using the MWFF pa kage from Bart Selman [14℄. We take different numbers of variables and lauses into onsideration and, for ea h
su h pair, generate a set of 50 formulas. As results, we give the average for
these sets of formulas. If at least one of the formulas in a set takes longer
than 48 hours, we do not pro ess the set and indi ate this in the table by
\not run". Our algorithms are implemented in JAVA. This gives redit
to the growing importan e of JAVA as a onvenient and powerful programming language. Furthermore, our aim is to show how the algorithms
limit the exponential growth in running time, being e e tive independent
of the programming language. The algorithm of Bor hers and Furman is
oded in C. Coding a simple program for Fibona i re ursion in C and
JAVA and running it in the given environment, we found the C program
to be faster by a fa tor of about nine. Due to the di erent performan e of
the programming languages, it is diÆ ult to only ompare running times.
As a fair measure of performan e we, therefore, also provide the size of
the s anned bran hing tree, as it is responsible for the exponential growth
of the running time. More pre isely, for the bran hing tree size we ount
all inner nodes, where we bran h towards at least two sub ases.
There is almost no di eren e in the performan e between algorithms
A and B; therefore they are not listed separately. This is plausible, as in
the pro essing of random formulas, the \bad" ase situations in whose
handling our algorithms di er, are rare. On problems of small size, the 2phase-EPDL (Extended Davis-Putnam-Loveland) algorithm of Bor hers
and Furman [3℄ has smaller running times despite its larger bran hing
trees. One reason may also be the di eren e in performan e of JAVA
and C. Nevertheless, with a growing problem size our algorithm does a
better job in keeping the exponential growth of the bran hing tree small,
whi h also results in signi antly better running times, see Table 1.
In order to gain insight into the performan e of our rules, we olle ted
some statisti s on the appli ation of the transformation and bran hing
rules. For algorithm B, we examine whi h rules apply how often during
a run on random formulas. First, we onsider the transformation rules.
Note that at one point, several transformation rules ould be appli able
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Algorithm B 2-Phase-EDPL
Time
Tree
Time
16
0.77
961 0.27
108
1.78 37 092 1.93
385
5.41 514 231 43.72
752 12.59 2 498 559 9:16.51
6
0.70
69 0.48
320
4.48 611 258 27.11
18 411 3:45.80 not run
{
36
1.14 10 872 2.14
91 039 23:50.09 not run
{
1 269 21.87 not run
{

n m Tree

25 100
200
400
800
50 100
200
400
100 200
400
200 400

Table 1. Comparison of average bran hing tree sizes (Tree) and average running
times (Time), given in minutes:se onds, of our Algorithm B and the 2-phase-EDPL
by Bor hers and Furman. Tests are performed on 2CNF formulas with di erent numbers of variables (n) and lauses (m).

to a formula. Therefore, for judging the results, it is important to know
the sequen e in whi h the appli ation of transformation rules is tested.
We show the results in Table 2, with the rules being in the order in
whi h they are applied. Considering the shown and additional data, we
Variables
Clauses
Sear h Tree Size
Almost Common Cl.
Pure Literals
Dominating 1-Clause
Complementary 1-Clause
Resolution
Three O urren es 1
Three O urren es 2

25
50
100 200 400 800 100 200
400
16 108 385 752 6 320 18 411
10 38 102 235 4 76 1 421
26 82 111 99 34 658 11 476
123 704 1 844 2 839 42 3387 134 425
40 571 2 831 6 775 4 1173 128 030
22 57 54 30 25 726 10 821
0 1
4
7 0
1
35
6 25 51 47 2 86 2 810

Statisti s about the appli ation of transformation rules in algorithm B on
random formulas.

Table 2.

nd appli ation pro les being hara teristi for variable/ lause ratios. We
observe for formulas having a higher ratio, i.e. with fewer lauses for a
xed number of variables, that the Dominating 1-Clause Rule is the rule
whi h is applied most often. With lower ratio, i.e. when we have more
lauses for the same number of variables, the Complementary 1-Clause
Rule gains in importan e.
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Variables
Clauses
Tree Size
RULE 1
RULE 2
RULE 3
RULE 4
RULE 5
RULE 6
RULE 7
RULE 8
0
0
0
0

25
50
100 200 400 800 100 200
400
15.26 107.4 384.4 751.18 5.26 319.36 18 410.38
10.62 102.32 381.76 749.42 0.88 217.36 18 300.02
4.02 3.54 1.18 0.32 4.34 100.12
97.54
0.5
0.9 0.94 0.64 0 1.44
11.14
0.08 0.44 0.26 0.36 0.04 0.34
1.22
0.04 0.12 0.16 0.26 0 0.08
0.3
0 0.06
0.1 0.16 0 0.02
0.16
0 0.02
0
0 0
0
0
0
0
0 0.02 0
0
0

Table 3. Statisti s on the appli ation of bran hing rules in algorithm B on random
formulas having n variables and m lauses. Re all that ea h result is the average on
50 formulas to understand that we give non-integer values. Thereby we even see the
appli ation of very rare rules.

Besides the transformation rules, we also study the frequen y in whi h
the single bran hing rules are applied. Re all that algorithm B has a
list of eight di erent ases with orresponding bran hing rules. We show
the results olle ted during runs on random formulas in Table 3. We
observe that the most bran hing steps o ur with RULE 1 or RULE 2.
The other rules are used in less than one per ent of the bran hings. It is
reasonable that in formulas with a high variable/ lause ratio, i.e. fewer
lauses, we have more variables with an o urren e of three. Therefore,
the rule applied most while pro essing these formulas is RULE 2. As
the variable/ lause ratio shifts down, i.e. when we have more lauses
for the same number of variables, there ne essarily are more variables
with a large number of o urren e in the formula. Consequently, RULE 1
be omes dominating.
Considering our statisti s, we an roughly on lude: Some of the transformation rules are, in great part, responsible for the good pra ti al performan e of our algorithms, as they help to de rease the sear h tree size.
The less frequent transformation rules and the rather omplex set of
bran hing rules, on the other hand, are mainly important for guaranteeing good theoreti al upper bounds.

6 Open questions
There remains the option of investigating exa t algorithms for other versions of Max2Sat, for example, Max3Sat. Furthermore, n being the
number of variables, an Max2Sat be solved in less than 2n steps? Re-
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garding Hirs h's re ent theoreti al results [10℄, it seems a promising idea
to ombine our algorithm with his, in order to improve the upper bounds
for Max2Sat even further.
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