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Abstra t

We present an algorithm that onstru tively produ es a solution
to the
p
set problem for planar graphs in time O ( k n), where
= 46 34 . To obtain this result, we show that the treewidth of a planar
graph with domination number (G) is O( (G)), and that su h a tree
de omposition an be found in O( (G)n) time. The same te hnique an
be used to show that the k-fa e over problem ( nd a size k set of p
fa es
that over all verti es
of a given plane graph) an be solved in O( 1 k n)
p
time, where 1 = 336 34 and k is the size of the fa e over set. Similar results an be obtained in the planar ase for some variants of k-dominating
set, e.g., k -independent dominating set and k -weighted dominating set.
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Introdu tion

A k-dominating set D of an undire ted graph G is a set of k verti es of G su h that
ea h of the rest of the verti es has at least one neighbor in D. The minimum k
su h that the graph G has a k-dominating set is alled the domination number
of G, denoted by (G). The k-dominating set problem, i.e., the task to de ide,
given a graph G = (V; E ) and a positive integer k, whether or not there exists
a k-dominating set, is among the ore problems in algorithms, ombinatorial
optimization, and omputational omplexity [8, 18, 28, 32, 42℄. The problem
is NP- omplete, even when restri ted to planar graphs with maximum vertex
degree 3 and to planar graphs that are regular of degree 4 [28℄. A omprehensive
overview on domination problems is provided by the two volumes [30, 31℄.
Despite their intra tability, many NPhard problems are of great pra ti al importan e. Besides heuristi methods whi h
often la k theoreti al analysis, the main ontribution of theoreti al omputer s ien e on the atta k of intra tability so far has been to design and analyze approximation algorithms. The approximability of the dominating set problem has
re eived onsiderable attention [8, 18, 32℄. It is not known and it is not believed
that dominating set for general graphs has a onstant fa tor approximation
algorithm (see, e.g., [8, 18℄ for details). More pre isely, if P 6= NP , then dominating set has no polynomial time approximation s heme, see [6, p. 503℄, sin e
it is hard for the approximation lass MAX SNP de ned in [41℄. Feige has even
shown [25, p. 637℄ that dominating set annot be approximated within a ratio
of ln n without ausing unbelieved ollapses of in lusions of omplexity lasses.
For further omplexity results for dominating set, we refer to [30, 36, 43℄.
The dominating set problem restri ted to planar graphs, however, possesses a
polynomial time approximation s heme [9℄. That is, there is a polynomial time
approximation algorithm with approximation fa tor 1 + , where  is a onstant
arbitrarily lose to 0. The degree of the polynomial grows with 1=. Another
approa h, whi h we will take in this paper, is to work towards an \eÆ ient" exa t algorithm working in \reasonable exponential time" for dominating set on
planar graphs.
Coping with NP-hard problems.

Lately, it has be ome popular to atta k omputational intra tability in a di erent way: studying parameterized omplexity [4, 23, 24, 26℄. Here, the basi observation is that, for many hard problems,
the seemingly inherent ombinatorial explosion an be restri ted to a \small part"
of the input, the parameter. For instan e, the k-vertex over problem an be
solved by an algorithm with running time O(kn + 1:3k ) [17, 38℄, where the parameter k is a bound on the maximum size of the vertex over set we are looking
for. The fundamental assumption is k  n. As an easily be seen, this yields an

Fixed parameter tra tability.
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eÆ ient, pra ti al algorithm for small values of k. In general, a problem is alled
xed parameter tra table if it an be solved in time f (k)nO(1) for an arbitrary
fun tion f whi h depends only on k. Unfortunately, a ording to the theory of
parameterized omplexity, it is very unlikely that the k-dominating set problem is xed parameter tra table. On the ontrary, it was proven to be omplete
for W [2℄ (see [21℄), a \ omplexity lass of parameterized intra tability" (refer to
Downey and Fellows [23℄ for details). However, k-dominating set on planar
graphs is xed parameter tra table.
This already easily follows from the work of Baker [9℄ on the approximation
of dominating set (and other problems) on planar graphs. Note for this that a
planar graph with a dominating set of size k is at most 3k-outerplanar (see Se tion 2). Baker has given an algorithm for dominating set on planar graphs with
bounded outerplanarity; together this implies an O(83k n) time algorithm. Besides
this, an O(49kn) time algorithm an be derived from the observation mentioned
above, the fa t that an r-outerplanar graph has treewidth of at most 3r 1 (as
exhibited in Se tion 2), and the observation that we an use a dynami programming approa h to onstru t a dominating set for a graph that is given together
with its tree de omposition (as outlined in Se tion 2.1). Alternatively, the general logi al framework of Fri k and Grohe [27℄ easily proves the xed parameter
tra tability of k-dominating set on planar graphs. Downey and Fellows [22, 23℄
laimed an O(11k n) time bound. However, this result was awed. Very re ently,
it ould be orre ted and improved to running time O(8kn) [1℄.
We present xed parameter tra tability results for kdominating set on planar graphs and related problems. Our main result is
to prove a new stru tural relationship:pWe show that a planar graph with a dominating set of size k has treewidth O( k). Up to now, only treewidth O(k) was
known, whi h is basi ally straightforward. As an be seen from the example of
grid graphs, this derived bound is optimal for planar graphs. Note that our proof
an be made
p onstru tive. The running time to onstru t the tree de omposition
will be O( kn). Besides, we give an elaborated dynami programming approa h
to solve the dominating set problem onstru tively in time O(q`N ), where
q = 4, for a graph that is given together with a tree de omposition having width `
and N nodes. This improves previous results by Telle and Proskurowski [46, 47℄
who obtained q = 9 for their approa h. We then on lude that
p the k-dominating
p
set problem on planar graphs an be solved in time O ( k n), where = 46 34 .
Clearly, the proven onstant is huge and exhibits the limited usefulness of our
result in pra ti e. It is on eivable that this onstant might be improved signi antly due to re ned analysis and/or additional algorithmi ideas. Also note
that our analysis and, thus, the onstant refers to a pure worst ase s enario;
it might say little about the average ase performan e or the behavior of our
method on problem instan es drawn from pra ti al appli ations. Finally, and
Our main result.
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maybe most importantly, our result means a stru tural breakthrough. The best
known running time for the k-dominating
set problem on planar graphs was
p
k
k
O( 1 n) [1℄, whi h we improved to O( n). Indeed, this seems to be the rst
non-trivial result for an NP-hard, xed parameter tra table problem where the
exponent of the exponential term is growing sublinearly. Very re ently, on the
one hand, the basi on epts of this paper ould be generalized to a wider spe trum of planar graph problems [2℄ (also see [3℄ for an approa h based on planar
separator theorems instead of tree de ompositions). On the other hand, Cai and
Juedes [16℄pshowed that our result is in a way optimal: They state that there is
no time 2o( k)nO(1) algorithm unless 3SAT 2 DTIME (2o(n) ), whi h is onsidered
to be unlikely.
Our new method an also be used to
improve a known bound for the k-fa e over problem [10, 23, 44℄. The problem is de ned as follows. Given a plane graph G, i.e., a graph with a xed
embedding in the plane and a positive integer k, is there a set of at most k fa es
(also alled disks [10, 44℄), su h that all of the graph verti es are overed by the
fa es, i.e., ea h vertex is part of at least one of these k fa es? The problem is
NP- omplete [10℄. Downey and Fellows [23℄ laimed an O(12k n) algorithm for
this problem. Unfortunately, the proof of [23, Lemma 3.3℄ (whi h is the basis of
the given sear h tree algorithm) is awed. For a slightly more general version of
the problem, Biensto k and Monma [10℄ showed that there is a time O( k2 n) algorithm, where 2 is an unspe i ed onstant.
In this paper,pwe give an algorithm
p
k
that solves k-fa e over in time O( 3 n), where 3 = 336 34 . Finally, it is easy
to extend our results for dominating set to \dominating set with property P " problems on planar graphs. For example, this in ludes the problems
k-independent dominating set or k-total dominating set. In addition,
our results an also be generalized to the weighted ase with positive integer
weights, i.e, k-weighted dominating set.
Further ontributions of our work.

Our paper is stru tured as follows. In Se tion 2, we
introdu e some key on epts for our work, in luding r-outerplanarity, layer deompositions of r-outerplanar graphs, and treewidth. Moreover, we point out
the relations between domination number and r-outerplanarity and between routerplanarity and treewidth. We show how to ompute a minimum size dominating set given a tree de omposition of a graph in a way that improves previous
results obtained in [46, 47℄. In Se tion 3, our main result follows, showing thatpfor
planar graphs with domination number k, a tree de omposition of width O( k)
exists. In addition, we also show how to a tually onstru t su h a tree de omposition. In Se tion 4, we summarize our ndingsp in des ribing an algorithm
solving the dominating set problem in time 4O( k) n. In Se tion 5, we extend
our results to variations of k-dominating set, k-weighted dominating set
Outline of the paper.

4

Algorithmica, Vol. 33, pp. 461–493, 2002

on planar graphs, and, in parti ular, to the k-fa e over problem. We on lude
the paper with some open problems and nal remarks (Se tion 6).
2

Preliminaries:
Domination,

r -outerplanarity,

and treewidth

In this se tion, we provide ne essary notions and some known results. We assume familiarity with basi graph-theoreti al notation as provided in [20, 37℄. In
parti ular, for a graph G = (V; E ) and a subset V 0  V , the subgraph indu ed
by the verti es V n V 0 will frequently be denoted by G V 0. If V 0 = fvg is a
singleton, we write G v instead of G fvg. Throughout this paper, n always
denotes the number of verti es in the given graph.
This se tion is split into three parts. The rst subse tion introdu es the notion
of r-outerplanarity and the on ept of a layer de omposition of a planar graph.
Moreover, we state a entral observation relating the domination number and the
outerplanarity number of a planar graph. In the se ond subse tion, we provide
the on epts of tree de ompositions and treewidth. Also, we expli itly outline
how the Dominating Set problem an be solved in this framework. This idea
will be used as a main tool for our algorithm. In the third subse tion, we outline
how to onstru t a tree de omposition of small width for r-outerplanar graphs,
whi h is used as an important lemma in later parts.
r-outerplanarity
De nition 1 A rossing-free embedding of a graph G in the plane is alled
outerplanar if ea h vertex lies on the boundary of the outer fa e. A graph G is
alled outerplanar if it admits an outerplanar embedding in the plane.
The following generalization of the notion of outerplanarity was introdu ed
by Baker [9℄.
De nition 2 A rossing-free embedding of a graph G in the plane is alled
r-outerplanar if, for r = 1, the embedding is outerplanar, and, for r > 1, indu tively, when removing all verti es on the boundary of the outer fa e and their
in ident edges, the embedding of the remaining subgraph is (r 1)-outerplanar.
A graph G is alled r-outerplanar if it admits an r-outerplanar embedding. The
smallest number r, su h that G is r-outerplanar is alled the outerplanarity number.
In this way, we may speak of the layers L1, : : : , Lr of an embedding of an
r-outerplanar graph.
2.1

Domination and
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For a given r-outerplanar embedding of a graph G = (V; E ), we
de ne the ith layer Li indu tively as follows. Layer L1 onsists of the verti es on
the boundary of the outer fa e, and, for i > 1, the layer Li is the set of verti es
that lie on the boundary of the outer fa e in the embedding of the subgraph
G (L1 [ : : : [ Li 1 ).
One easily observes the following entral relation between the domination
number and the outerplanarity number of a planar graph.
Proposition 4 If a planar graph G = (V; E ) has a k-dominating set, then all
plane embeddings of G an be at most 3k-outerplanar.
Proof. Note that, for a given rossing-free embedding of G in the plane, ea h
vertex in the dominating set an dominate verti es from the previous, the next,
or its own layer only. Hen e, ea h vertex in the dominating set an ontribute to
at most 3 new layers.
2
To understand the te hniques used in the following se tions, it is helpful to
onsider the on ept of a layer de omposition of an r-outerplanar embedding of
graph G. A layer de omposition of an r-outerplanar embedding of graph G is a
forest of height r 1. The nodes of the forest orrespond to di erent onne ted
omponents of the subgraphs of G indu ed by a layer. For ea h layer with vertex
set Li, suppose the onne ted omponentsS`of the subgraph of G indu ed by Li
have vertex sets Ci;1; : : : ; Ci;` , i.e., Li = j=1 Ci;j . Then, we have `i nodes that
represent the nodes of layer Li, one for ea h su h onne ted omponent. Su h a
set Ci;j will be alled a layer omponent. Ea h layer omponent node C1;j will be
the root of a tree in the forest, so we will have one tree per onne ted omponent
of G, representing the exterior verti es of the omponent. Two layer omponent
nodes will be adja ent if they ontain verti es that share a ommon fa e. This
means that a layer omponent node Ci;j an only be adja ent to layer omponent
nodes of the form Ci 1;j or Ci+1;j ; if Ci;j is adja ent to Ci 1;j , then the verti es
of Ci;j lie within the area formed by the subgraph indu ed by Ci 1;j . Note that
the layer omponent nodes on the i'th level of the forest orrespond to the layer
omponents of the form Ci;j . One easily observes that the planarity of G implies
that the layer de omposition must indeed be a forest.
We need some further notation for the onstru tion in the next se tions.
De nition 5 A layer omponent Ci;j of layer Li is alled non-va uous if there
are verti es from layer Li+1 in the interior of Ci;j (i.e., in the region en losed
by the subgraph indu ed by Ci;j ). In other words, Li is non-va uous i the
orresponding omponent node in the layer de omposition has a hild.
Lemma 6 Let ; 6= C  Ci;j be a subset of a non-va uous layer omponent Ci;j of
layer i, where i  2. Then, there exists a unique smallest (in number of verti es)

De nition 3

i

i

0

0

00

0
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y le B (C ) in layer Li 1 , su h that C is ontained in the region en losed by B (C ).
No other vertex of layer Li 1 is ontained in this region.
Proof. The existen e of a y le B 0 (C ) in layer Li 1 whi h en loses C follows
easily from the de nition of a layer. Note, that the region en losed by B 0(C ),

again by the de nition of a layer, annot ontain verti es of layer Li 1 . In order to
obtain the smallest su h y le, we pro eed as follows. Let B 0(C ) = (w1 ; : : : ; wm).
If there exists a pair of verti es wi; wj with j > i and ji j j 2= f1; m 1g that
happen to be neighbors in the graph, and if C is en losed by one of the y les
(wi; : : : ; wj ) or (wj ; : : : ; wm; w1; : : : ; wi), then we ex hange B 0(C ) by this one.
Continuing this pro edure until no further su h situation o urs it is not hard to
verify that we end up with a smallest y le that en loses C .
2
For ea h non-empty subset C of a non-va uous layer omponent
of layer i (i  2), the set B (C ) as given in Lemma 6 is alled the boundary y le
of C .

De nition 7

2.2

Domination and treewidth

The main tool we use in our algorithm is the on ept of tree de ompositions as,
e.g., des ribed in [12, 34℄.
De nition 8 Let G = (V; E ) be a graph. A tree de omposition of G is a pair
hfXi j i 2 I g; T i, where ea h Xi is a subset of V , alled a bag, and T is a tree
with the elements of I as nodes. The following three properties must hold:
1. Si2I Xi = V ;
2. for every edge fu; vg 2 E , there is an i 2 I su h that fu; vg  Xi;
3. for all i; j; k 2 I , if j lies on the path between i and k in T , then Xi \ Xk 
Xj .
The width of hfXi j i 2 I g; T i equals maxfjXij j i 2 I g 1. The treewidth of G
is the minimum k su h that G has a tree de omposition of width k.
A tree de omposition with a parti ularly simple stru ture is given by the
following.
De nition 9 A tree de omposition hfXi j i 2 I g; T i is alled a ni e tree de omposition if the following onditions are satis ed:
1. Every node of the tree T has at most 2 hildren.
2. If a node i has two hildren j and k, then Xi = Xj = Xk (in this ase i is
alled a join node).
7
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3. If a node i has one hild j , then either
(a) jXij = jXj j +1 and Xj  Xi (in this ase i is alled an insert node),
or
(b) jXij = jXj j 1 and Xi  Xj (in this ase i is alled a forget node).
It is not hard to transform a given tree de omposition into a ni e tree de omposition. More pre isely, the following result holds (see [34, Lemma 13.1.3℄)
Lemma 10 Given a tree de omposition of a graph G that has width k and O(n)

nodes, where n is the number of verti es of G. Then, we an nd a ni e tree
de omposition of G that has also width k and O(n) nodes in time O(n).
2

In Se tion 2.3, we give a onstru tive proof of a result stated in [35, Table 2,
page 550℄ and in [13, Theorem 83℄:
Theorem 11 An r-outerplanar graph has treewidth of at most 3r 1.
Proposition 4 and Theorem 11 immediately imply the following relation between the domination number and the treewidth of a planar graph.
Corollary 12 If a planar graph G = (V; E ) has a k-dominating set, then it has
bounded treewidth, or, more pre isely, its treewidth is bounded by 9k 1.
2
We will give a onsiderably stronger bound later.
The on ept of tree de ompositions an be used to solve various graph problems. Typi ally, treewidth based algorithms pro eed in two stages: The rst
stage nds a tree de omposition of bounded width of the input graph, and the
se ond stage solves the problem using dynami programming approa hes on the
tree de omposition (see [12℄).
As to the rst stage, the problem to determine whether a graph has treewidth
bounded by some onstant ` and, if so, produ ing a orresponding tree de omposition, has, at the urrent state of resear h, no algorithmi ally feasible solution.
Even though the problem is proven to be xed parameter tra table, the onstants
in the algorithm presented in [11℄ are too large for pra ti al purposes. However,
in the ase of k-dominating set on planar graphs, this rst stage of the tree
de omposition algorithm is less involved, as will be shown in Theorem 14.
The se ond stage an be exe uted in polynomial time with an exponential
fa tor depending on the treewidth bound. The orresponding result for the dominating set problem is the following. Note that, in this situation, we do not
need to assume planarity of the underlying graph.
The theorem an be proven by using dynami programming te hniques, as
des ribed in a more general ontext, e.g., in [12, 46, 47℄. We want to point out
8
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that the running time of the algorithm des ribed in the proof of Theorem 13
has an exponential base of q = 4, thus, improving the so far best known base
of q = 9 that was a hieved in [46, Theorem 4, Table 1℄,[47, Theorem 5.7℄. This
improvement is due to the observation that the mappings whi h have to be kept
in the dynami programming obey a ertain \monotoni ity." The same tri k will
allow further improvements of the results of Telle and Proskurowski [46, 47℄ for
various other problems (see Se tion 5 and [5℄ for details).
Theorem 13 If a tree de omposition of width ` of a graph is known, then a

minimum dominating set an be determined in time O(4`N ), where N is the
number of nodes of the tree de omposition.

Let X = hfXi j i 2 I g; T i be a tree de omposition for the graph
G = (V; E ). By Lemma 10, we an assume that X is a ni e tree de omposition.
Suppose V = fx1 ; : : : ; xng. We assume that the verti es in the bags are
given in in reasing order of the verti es when used as indi es of the dynami
programming mappings, i.e., Xi = (xi ; : : : ; xi ) with i1  : : :  in . In the
following, we use three di erent \ olors" that will be assigned to the verti es in
the bag:
 \bla k" (represented by 1, meaning that the vertex belongs to the dominating set),
 \white" (represented by 0, meaning that the vertex is already dominated
at the urrent stage of the algorithm), and
 \grey" (represented by ^0, meaning that, at the urrent stage of the algorithm, we still ask for a domination of this vertex).
More pre isely, a ve tor = ( 1; : : : ; n ) 2 f0; ^0; 1gn will be alled a oloring
for the bag Xi = (xi ; : : : ; xi ), and the olor assigned to vertex xi by the
oloring is given by the oordinate t .
For ea h bag Xi (with jXij = ni ), we will use a mapping
Ai : f0; ^0; 1gn ! N [ f+1g:
For a oloring = ( 1; : : : ; n ) 2 f0; ^0; 1gn , the value Ai ( ) stores how many
verti es are needed for a minimum dominating set (of the graph visited up to the
urrent stage of the algorithm) under the restri tion that the olor assigned to
vertex xi is t (t = 1; : : : ; ni).
On the olor set f0; 0^; 1g, let  be the partial ordering given by 0^  0 and
d  d for all d 2 f0; ^0; 1g. This ordering naturally extends to olorings: For
= ( 1; : : : ; m ); 0 = ( 01 ; : : : ; 0m) 2 f0; ^0; 1gm, we let  0 i t  0t for all
t = 1; : : : ; m.
It is essential for the orre tness of our algorithm as well as for the laimed
running time that the mappings Ai are monotonous from (f0; 0^; 1g; ) to

Proof.

1

ni

i

i

i

1

t

ni

i

i

i

t
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(N [ f+1g; ), i.e., that for ; 0 2 f0; ^0; 1gn ,  0 implies A( )  A( 0).
We indi ate the approximate reasoning for showing this property by stru tural
indu tion below.
A oloring 2 f0; ^0; 1gn is lo ally invalid for a bag Xi if
i

i





9s 2 f1; : : : ; nig : s = 0 ^ t 2 f1; : : : ; nig : (xi 2 N (xi ) ^ t = 1) :
In other words, a oloring is lo ally invalid if there is some vertex in the bag
that is olored white, but this olor is not \justi ed" within the bag, i.e., not
dominated by a vertex within the bag using this oloring.1 Also, for a oloring
= ( 1; : : : ; m ) 2 f0; ^0; 1gm and a olor d 2 f0; ^0; 1g, we use the notation
#d ( ) := jft 2 f1; : : : ; mg : t = dgj.
Step 1: In the rst step of the algorithm, for ea h leaf node i of the tree de omposition, we initialize the mapping Ai:
for all 2 f0; 0^; 1gn do

+1 if is lo ally invalid for Xi
Ai ( )
(1)
#1 ( ) otherwise
By this initialization step, we make sure that only olorings are taken into onsideration where an assignment of olor 0 is justi ed.
Sin e the he k for lo al invalidity takes time O(ni), this step an be arried
out in time O(3n  ni)  O(4`).
Trivially, the mappings of the leaves are monotonous, yielding the indu tion
base.
Step 2: After this initialization, we visit the bags of our tree de omposition
from the leaves to the root, evaluating the orresponding mappings in ea h step
a ording to the following rules.
forget nodes: Suppose i is a forget node with hild j and suppose that
Xi = (xi ; : : : ; xi ). W.l.o.g.2, we may assume that Xj = (xi ; : : : ; xi ; x).
Evaluate the mapping Ai of Xi as follows:
for all 2 f0; ^0; 1gn do
Ai ( )
min Aj (  fdg)
(2)
d2f0;1g
t

s

i

i

1

1

ni

ni

i

Note that a oloring  f0^g for Xj means that the vertex x is assigned
olor ^0, i.e., not yet dominated by a vertex. Sin e, by ondition (3) of
1 A lo ally invalid oloring still may be a orre t oloring if the white vertex whose olor
is not \justi ed" within the bag already is dominated by a vertex from bags that have been
onsidered earlier.
2 Possibly after rearranging the verti es in Xj and the entries of Aj a ordingly.
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De nition 8, the vertex x will never appear in a bag for the rest of the
algorithm, a oloring  f^0g will remain unresolved and it will not lead to
a dominating set. That is why the minimum in the assignment (2) is taken
over olors 1 and 0 only.
Clearly, the evaluations an be arried out in time O(3n )  O(4`).
It is trivial to observe that monotoni ity of the table Aj implies that Ai
also is monotonous.
insert nodes: Suppose i is an insert node with hild j and suppose that Xj =
(xj ; : : : ; xj ). W.l.o.g.3, we may assume that Xi = (xj ; : : : ; xj ; x). Let
N (x) \ Xi = fxj ; : : : ; xj g be the neighbors of the \introdu ed" vertex x
that appear in the bag Xi. We now de ne a fun tion  : f0; ^0; 1gn !
f0; ^0; 1gn on the set of olorings of Xj . For = ( 1; : : : ; n ) 2 f0; ^0; 1gn ,
we de ne ( ) := ( 01 ; : : : ; 0n ) su h that

0 = 0^ if t 2 fp1 ; : : : ; psg and t = 0,
t
t otherwise.
Then, evaluate the mapping Ai of Xi as follows:
for all = ( 1 ; : : : ; n ) 2 f0; ^0; 1gn do

Aj ( ) if x has a neighbor xj in Xi with q = 1,
Ai (  f0g)
(3)
+1 otherwise
Ai (  f1g)
Aj (( )) + 1
(4)
^
Ai (  f0g)
Aj ( )
(5)
For the orre tness of the assignments (3) and (4), we remark the following:
It is lear that, if we assign olor 0 to vertex x (see assignment (3)), we again
(as already done in the initializing step of assignment (1)) have to he k
whether this olor an be justi ed at the urrent stage of the algorithm.
Su h a justi ation is given if and only if the oloring under examination
already assigns a 1 to some neighbor of x in Xi. This is true, sin e ondition
(3) of De nition 8 implies that no neighbor of x has been onsidered in
previous bags, and, hen e, up to the urrent stage of the algorithm, x an
only be dominated by a vertex in Xi (as he ked in assignment (3)).
If we assign olor 1 to vertex x (see assignment (4)), we already dominate
all verti es fxj ; : : : ; xj g. Suppose now we want to evaluate Ai(  f1g)
and suppose some of these verti es are assigned olor 0 by , say p =
: : : = p = 0 (where (p01 ; : : : ; p0q ) is a subsequen e of (p1 ; : : : ; ps )). Sin e
the \1-assignment" of x already justi es the \0-values" of p ; : : : ; p , and
i

1

1

nj

nj

ps

p1

j

j

j

j

j

j

j

q

p1

ps

0

1

0

q

0

1

3 Possibly after rearranging the verti es in X and the entries of A a ordingly.
i

11

i

0

q
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sin e our mapping Aj is monotonous, we obtain Ai( f1g) by taking entry
Aj ( 0 ), where 0p = : : : = 0p = ^0, i.e., where 0 = ( ).
Sin e we need time O(ni) in order to he k whether a oloring is lo ally
invalid, the evaluation of Ai an be arried out in time O(3n  ni)  O(4`).
Considering assignments (3) and (5), it is easy to see that Ai is monotonous
if Aj is monotonous.
join nodes: Suppose i is a join node with hildren j and k and suppose that
Xi = Xj = Xk = (xi ; : : : ; xi ).
Let = ( 1; : : : ; n ) 2 f0; ^0; 1gn be a oloring for Xi. We say that 0 =
( 01; : : : ; 0n ), 00 = ( 001 ; : : : ; 00n ) 2 f0; ^0; 1gn divide if
1. ( t 2 f^0; 1g ) 0t = 00t = i ), and


2. t = 0 ) ( 0t; 00t 2 f0; ^0g) ^ ( 0t = 0 _ 00t = 0) .
Then, evaluate the mapping Ai of Xi as follows:
for all 2 f0; ^0; 1gn do
Ai ( )
minfAj ( 0 ) + Aj ( 00 ) #1 ( ) j 0 and 00 divide g (6)
0

0

1

q

i

1

ni

i

i

i

i

i

i

In other words, in order to evaluate the value Ai ( ) we look up the orresponding values for oloring in Aj (whi h gives us the minimum dominating set for needed for the bags onsidered up to this stage in the left
subtree) and in Ak (the minimum dominating set for needed a ording to
the right subtree), add the orresponding values, and subtra t the number
of \1-assignments" in , sin e they would be ounted twi e, otherwise.
Clearly, if oloring of node i assigns the olors 1 or ^0 to a vertex x in Xi,
we have to make sure that we use olorings 0 and 00 of the hildren j and k
that also assign the same olor to x. However, if assigns olor 0 to x,
it is suÆ ient to justify this olor by at least one of the olorings 0 or 00.
Observe that, by the monotoni ity of Aj and Ak we obtain the same \min"
in assignment (6), if we repla e ondition (2) in the de nition of \divide"
by:

2'. t = 0 ) ( 0t ; 00t 2 f0; ^0g ^ 0t 6= 00t ) .
Note that, for given 2 f0; ^0; 1gn , with z := #0 ( ), we have 2z many pairs
( 0; 00) that divide (if we use ondition (2') instead of (2) (si !)). Sin e
there are 2n z nz many olorings with #0( ) = z, we obtain
i

i

jf(

0; 00 ) :

i

2 f0; ^0; 1g

ni

; 0

and divide gj =
00

12

ni
X
z

=0

2

ni z

 

ni
z

 2 z = 4n :
i
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This shows that evaluating Ai an be done in time O(4n )  O(4`).
Again, it is not hard to see that Ai is monotonous if Aj and Ak are
monotonous. This basi ally follows by the de nition of \divide."
i

Step 3:

get

Let r denote the root of T . For the domination number (G), we nally

(G) = minfAr ( ) j 2 f0; 1gn g:
(7)
The minimum in Equation (7) is taken only over olorings ontaining olors 1
and 0, sin e a valid dominating set does not ontain \unresolved" verti es of
olor ^0.
The total running time of the algorithm is O(4`N ). For the orre tness of the
algorithm, we observe the following. Firstly, property (1) of a tree de omposition
(see De nition 8) guarantees that ea h vertex is assigned a olor. Se ondly, in
our initialization Step 1, as well as in the updating pro ess for insert nodes
and join nodes of Step 2, we made sure that the assignment of olor 0 to a
vertex x always guarantees that at the urrent stage of the algorithm x is already
dominated by a vertex from previous bags. Sin e, by property (2) of a tree
de omposition (see De nition 8), any pair of neighbors appears in at least one
bag, the validity of the olorings was he ked for ea h su h pair of neighbors.
And, thirdly, property (3) of a tree de omposition (see De nition 8), together
with the omments given in Step 2 of the algorithm, implies that the updating
of ea h mapping is done onsistently with all mappings that have been visited
earlier in the algorithm.
Also, note that, when bookkeeping how the minima in the assignments (2), (6), and (7) of Step 2 and Step 3 were obtained, this algorithm onstru ts a dominating set D orresponding to (G).
2
We remark that Aspvall et al. [7℄ addressed the memory requirement problem
arising in the type of algorithms des ribed above. They suggested a method to
minimize the sum of the sizes of the tables that need to be stored simultaneously.
Using Corollary 12 and Theorem 13, a straightforward solution to the kdominating set problem on planar graphs using tree de ompositions leads to
an algorithm whi h runs in time O(49k n), whi h, of ourse, is inferior to the best
known sear h tree algorithm that has running time O(8k n) [1℄.
In Subse p
tion 3, we show that a planar graph with a k-dominating set has
treewidth O( k). Moreover,
p we prove that a orresponding tree de omposition
an be found in time O( kn). Combining this with Theorem 13 gives a signi ant
asymptoti improvement of the sear h tree result.
r

13
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Figure 1: Repla ing a vertex by a path with verti es of degree 3.
r-outerplanarity
In this se tion, we give a onstru tive proof of the result stated in Theorem 11.
The proof is based upon the proof in [13, Theorem 83℄. To be more pre ise, we
show:
Theorem 14 Let an r-outerplanar graph G = (V; E ) be given together with an
r-outerplanar embedding. Then, a tree de omposition hfXi j i 2 I g; T i, with
width at most 3r 1 and with jI j = O(n) of G, an be found in O(rn) time.
We make the assumption that with the embedding, for ea h vertex v, the
in ident edges of v are given in lo kwise order as they appear in the embedding.
Most (linear time) graph planarity testing and embedding algorithms yield su h
orderings of the edge lists (see [19℄).
Now, we dis uss the proof of Theorem 14. For the onstru tion of the desired
tree de omposition we pro eed in several steps. Firstly, we determine the layers
of the given graph G. Se ondly, G is embedded in a graph H , whose degree is
bounded by 3 and whose outerplanarity number doesn't ex eed the one of G.
Then, a suitable maximal spanning forest is onstru ted for H . This step is done
indu tively pro eeding along the di erent layers of H in a way that the so- alled
\edge and vertex remember numbers" are kept small. Using this spanning tree,
in a further step, we determine a tree de omposition of H . Finally, this tree
de omposition an be turned into a tree de omposition of G.
Determining the layers of the embedded graph. Without loss of generality,
we assume G is onne ted. Suppose G is given with an r-outerplanar embedding
with, for every vertex, a lo kwise ordering of its adja ent edges. With the help of
these orderings, one an build, in O(jV j) time, the dual graph G, with pointers
from edges of G to the two adja ent fa es in the dual. We an rst partition the
set of fa es into `layers': put a fa e f in layer Li+1 if the distan e of this fa e in
the dual graph to the exterior fa e is i. This distan e an be determined in linear
time using breadth- rst sear h on the dual graph.
Now, a vertex v of G belongs to layer Li for the smallest i su h that v is
adja ent to a fa e fv in Li . Note that fa es an belong to layer Lr+1 , but not to
layers Ls with s > r + 1.

2.3

Treewidth and

14
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The next step is to onstru t
an r0-outerplanar (where r0  r) graph H = (VH ; EH ) of degree at most three
that ontains G as a minor, i.e., G an be obtained from H by a series of vertex
deletions, edge deletions, and edge ontra tions.
In order to do this, every vertex with degree d  4 is repla ed by a path of
d 2 verti es of degree 3, as shown in Fig. 1. This is done in su h a way that
the graph stays r0-outerplanar. More pre isely, for ea h vertex v of layer Li we
determine the fa e fv in Li as des ribed above. We then nd two su essive edges
fx; vg, fv; yg that are border to fv . Now, let x take the role of w1 and y take the
role of wd in Fig. 1. Observe that, in this manner, all verti es vi on the newly
formed path are adja ent to fa e fv 2 Li . Let H be the graph obtained after
repla ing all verti es of degree at least four in this manner.
Note that H has the same set of fa es as G (i.e., H  and G share the same
set of verti es) and that fa es adja ent in G are still adja ent in H (i.e., G is a
subgraph of H ). Hen e, H  an be obtained from G by possibly adding some
further edges. Clearly, the minimum distan e of a vertex in H  to the exterior fa e
vertex may only de rease (not in rease) ompared to the orresponding distan e
in G. Sin e the layer to whi h a vertex belongs is exa tly one more than the
minimum distan e of the adja ent fa es to the exterior fa e, the outerplanarity
number r0 of H is bounded by r.
Constru ting a suitable maximal spanning forest for H . At this point,
we have an r0-outerplanar graph H = (VH ; EH ) of maximum degree 3. We now
onstru t a maximal spanning forest T for H that yields small so- alled \edge
and vertex remember numbers." This step is done indu tively along the di erent
layers pro eeding from inside towards the exterior.
Observe that when removing all edges on the exterior fa e of an s-outerplanar
graph of maximum degree three, we obtain an (s 1)-outerplanar graph, when
s > 1. When we remove all edges on the exterior fa e of an outerplanar graph,
we obtain a forest.
Thus, we an partition the edges into r0 + 1 sets E1, : : : , Er +1 , with E1 the
edges on the exterior fa e, and Ei the edges on the exterior fa e when all edges
in E1 [ : : : [ Ei 1 are removed. Again, using the dual, this partition an be
omputed in O(n) time.
Now, we form a sequen e of forests. We start with forest Tr +1, whi h onsists
of all edges in Er +1 . (Note that these are the interior edges of an outerplanar
graph of maximum degree 3, so Tr +1 is a y li .)
When we have Ti, 1 < i  r0 + 1, we form Ti 1 in the following way: add a
maximal set of edges from Ei 1 to Ti su h that no y les are formed. Note that
in this way, ea h Ti is a maximal spanning forest of the subgraph formed by the
edges in Ei [ : : : [ Er +1; we all this subgraph Hi. (Maximality is meant here
with respe t to set in lusion; a maximal spanning forest of an arbitrary graph
hen e an be found in O(n) time using a standard depth rst sear h approa h,

Embedding G in a graph H of degree three.

0

0

0

0

0

15

Algorithmica, Vol. 33, pp. 461–493, 2002

but here we need su h a forest made in a spe i way.)
It is not hard to see that one su h step an be done in O(n) time; as we do
at most r su h steps, the time to build T1 be omes O(rn).
De nition 15 For a graph G = (V; E ), and a forest T = (V; F ) that is a subgraph of G, de ne the edge remember number er(G; T; e) of an edge e 2 F (with
respe t to G and T ) as the number of edges fv; wg 2 E F su h that there
is a simple path in T from v to w that uses e. The edge remember number
of T (with respe t to G) is er(G; T ) = maxe2F er(G; T; e). The vertex remember number vr(G; T; v ) of a vertex v 2 V (with respe t to G and T ) is the
number of edges fv; wg 2 E F su h that there is a simple path in T from
v to w that uses v . The vertex remember number of T (with respe t to G) is
vr(G; T ) = maxv2V vr(G; T; v).
One may observe that the onstru tion of the trees Ti is the one used in the
proofs given in [13, Se tion 13℄. The following result is proved in [13, Lemma
80℄. Note that in order to obtain this result it is essential that the degree of H is
bounded by 3:
Lemma 16 (i) For every i, 1  i  r0 + 1, er(Hi ; Ti )  2(r0 + 1 i).
(ii) For every i, 1  i  r0 , vr(Hi ; Ti )  3(r0 + 1 i) 1.
2
Without loss of generality, we an suppose that G and, therefore, H is onne ted and, hen e, we have a spanning tree T1 of H with er(H; T1)  2r0 and
vr(H; T1 )  3r0 1.
Deriving a tree de omposition from the spanning forest. We now apply
the following result of [13, Theorem 71℄ to the graph H and the spanning forest T1
in order to obtain a tree de omposition in time O(rn) of width bounded by
max(vr(H; T1 ); er(H; T1) + 1)  3r0 1  3r 1:
For the sake of ompleteness of the whole onstru tion, we outline the easy proof.
Theorem 17 Let T = (V; F ) be a maximal spanning forest for the graph G =
(V; E ). Then, a tree de omposition with width at most max(vr(G; T ); er(G; T )+1)
and O(n) nodes an be determined in O(vr(G; T )  n) time.
Proof. Our aim is to onstru t a tree de omposition hfXi j i 2 I g; T 0 i of G.
Let T 0 = (V [ F; F 0) with F 0 = ffv; eg j v 2 V; e 2 F; 9w 2 V : e = fv; wgg be
the tree obtained by subdividing every edge of T . The bags Xi for i 2 I := V [ F
are obtained as follows. For every v 2 V , add v to Xv . For every e = fv; wg 2 F ,
add v and w to Xe. Now, for every edge e = fv; wg in E but not in F , add v to
all sets Xu and Xe, with u 2 V or e 2 F on the path from v to w in T .
16
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Using standard graph algorithmi te hniques, the path between two verti es
in a tree an be found in time proportional to the length of that path; sin e ea h
vertex in T an ontribute to at most vr(G; T ) su h paths, the running time is
bounded by O(vr(G; T )  n).
It is easy to he k that this indeed yields a tree de omposition. Its bags have
size jXv j  1 + vr(G; T ) (for all v 2 V ) and jXej  2 + er(G; T ) (for all e 2 E ).
Hen e, the resulting treewidth is at most max(vr(G; T ); er(G; T ) + 1).
2
Finally, the tree de omposition of H an
be turned into a tree de omposition of G of equal or smaller width by repla ing
every o urren e of a vertex vi in a bag Xi by an o urren e of the orresponding
vertex v (see e.g., [13, Lemma 16℄.) This again osts time linear in the total size
of all bags Xi in the tree de omposition, i.e., O(rn) time.
Altogether this establishes the orre tness of Theorem 14.
Undoing the minor operations.

3

The main result

In this se tion, we showpthat a planar graph with domination number k has
treewidth of at most O( k). This improves Corollary 12 onsiderably. In the
next se tion, we will show how this new result an be turned into a onstru tive
algorithm. Combining the results of this pse tion with Theorem 13, we will present
an algorithm having time omplexity 4O( k)n. This obviously gives an asymptoti
improvement of the O(8k n) sear h tree algorithm [1℄.
This se tion is organized as follows. In a rst subse tion, we make some
general observations on how to onstru t tree de ompositions using separators.
The following two subse tions show that, in a planar graph whi h admits a kdominating set, we an nd small separators layerwisely. Finally, the results are
pie ed together to prove our main result in this se tion.
3.1

Separators and treewidth

Here, the main idea is to nd small separators of the graph and to merge the tree
de ompositions of the resulting subgraphs.
De nition 18 Let G = (V; E ) be a graph. A subset S of the vertex set V is
alled a separator of G, if the subgraph G S is dis onne ted.
For any given separator splitting a graph into di erent omponents, we obtain
a simple upper bound for the treewidth of this graph whi h depends on the size
of the separator and the treewidth of the resulting omponents.
17
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Proposition 19 If a onne ted graph an be de omposed into omponents of

treewidth of at most t by means of a separator of size s, then the whole graph
has treewidth of at most t + s.

The separator splits the graph into di erent omponents. Suppose
we are given the tree de ompositions of these omponents of width at most t.
The goal is to onstru t a tree de omposition for the original graph. This an
be a hieved by rstly merging the separator to every bag in ea h of these given
tree de ompositions. In a se ond step, add some arbitrary onne tions preserving
a y li ity between the trees orresponding to the omponents. It is straightforward to he k that this forms a tree de omposition of the whole graph of width
at most t + s.
2

Proof.

For plane graphs, there is an iterated version of this observation.
Proposition 20 Let G be a plane graph with layers Li , (i = 1; : : : ; r). For i =
1; : : : ; `, let Li be a set of onse utive layers, i.e., Li = fLj ; Lj +1 ; : : : ; Lj +n g,
su h that Li \ Li = ; for all i 6= i0 . Moreover, suppose G an be de omposed into
i

i

i

i

0

omponents,Sea h of treewidth of at most t, by means of separators S1 ; : : : ; S` ,
where Si  L2L L for all i = 1; : : : ; `. Then, G has treewidth of at most t + 2s,
where s = maxi=1;::: ;` jSi j.
i

The proof again uses the merging-te hnique illustrated in the previous
proposition: Suppose, w.l.o.g., the sets Li appear in su essive order, i.e., ji <
ji+1 . For ea h i = 0; : : : ; `, onsider the omponent Gi of treewidth at most t
whi h is ut out by the separators Si and Si+1 (by default, we set S0 = S`+1 = ;).
We add Si and Si+1 to every node in a given tree de omposition of Gi. In
order to obtain a tree de omposition of G, we su essively add an arbitrary
onne tion between the trees Ti and Ti+1 of the so-modi ed tree de ompositions
that orrespond to the subgraphs Gi and Gi+1.
2

Proof.

3.2

Finding separators layerwisely

In the following, we assume that our graph G has a xedpplane embedding with
r layers. We show that the treewidth annot ex eed O( k) if a dominating set
of size k exists.
We assume that we have a dominating set D of size at most k. Let ki be the
number of verti es of Di = D \ Li . Hen e, Pri=1 ki = k. In order to avoid ase
analysis, we set k0 = kr+1 = kr+2 = 0. Moreover, let i denote the number of
non-va uous layer omponents of layer Li.
Our approa h is based on nding small separators in G layerwisely. More
pre isely, for ea h i = 1; : : : ; r 2, we want to onstru t a set Si  Li 1 [ Li [ Li+1
18
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separating layer Li 1 from layer Li+2 in su h a way4 that the total size of these
sets an be bounded by some linear term in k. The key idea for proving that Si
separates layers Li 1 from Li+2 relies on a lose investigation of the paths leaving
layer Li 1 to the interior of the graph. Ea h su h path passes a \ rst" vertex
in layer Li . This parti ular vertex an be dominated by verti es from Di 1 , Di,
or Di+1. It turns out that, in order to ut this parti ular path, the set Si has
to ontain the verti es of the sets Di 1 , Di, and Di+1 plus some suitably hosen
pairs of neighbors of any of these verti es. This results in letting Si be the union
of so- alled \upper," \lower," and \middle" triples. We will arry out the to
some extent te hni ally ompli ated step in what follows.
For this purpose, in the following, we write N (x) to des ribe the set of neighbors of a vertex x and use the notion B () for boundary y les as introdu ed in
De nition 7.
x1
D 13x

B (B (C +1
i

;j

))  Li 1

i

y

B (C +1 )  L
i

x2

;j

i

1111
0000
0000
1111
0000
1111
0000
1111
0000
1111
0000
1111
0000
1111
0000
1111
Ci+1;j
0000
1111

z

Figure 2: Upper triples.
An upper triple for layer Li is asso iated to a non-va uous5
layer omponent Ci+1;j of layer Li+1 and a vertex x 2 Di 1 that has a neighbor
on the boundary y le B (Ci+1;j ) (see Fig. 2). Then, learly, x 2 B (B (Ci+1;j )),
by de nition of a boundary y le. Let x1 and x2 be the neighbors of x on the
boundary y le B (B (Ci+1;j )). Starting from x1 , we go around x up to x2 so
that we visit all neighbors of x in layer Li . We note the neighbors of x on the
boundary y le B (Ci+1;j ). Going around gives two outermost neighbors y and z

Upper triples.

4 Intuitively, one might be tempted to onstru t a set of verti es separating layer Li 1 from
layer Li+1 . However, for te hni al reasons that be ome lear in the proof of the forth oming
Proposition 25, it is more onvenient to separate layers Li 1 and Li+2 .
5 Note that here, as well as in the de nitions of middle and upper triples, all va uous omponents of layer Li+1 are of no interest to us, sin e we want to nd a set of verti es separating
levels Li 1 from Li+2 .
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on this boundary y le. The triple, then, is the three-element set fx; y; zg. In
ase x has only a single neighbor y in B (Ci+1;j ), the \triple" onsists of only
fx; yg (let, by default, z = y).
De nition 21 For ea h non-va uous layer omponent Ci+1;j of Li+1 and ea h
vertex x 2 Di 1 with neighbors in B (Ci+1;j ), the set fx; y; zg as des ribed above
is alled an upper triple of layer Li .
y~

y
z

B (fxg)  L

111
000
000
111
000
111
000
111
000
111
000
111
000
111
000
111
000
111
000
111
0000
1111
000
111
0000
1111
000
111
0000
1111
000
111
0000
1111
000
111
0000
1111
000
111
0000
1111
000
0000Ci+1;j111
1111
0
000
111
0000
1111
000
111
0000
1111
000
111

i

x 2 D +1
i

z~

Figure 3: Lower triples.
A lower triple for layer Li is asso iated to a vertex x 2 Di+1
and a non-va uous layer omponent Ci+1;j of layer Li+1 (see Fig. 3). We only
onsider layer omponents Ci+1;j of layer Li+1 that are en losed by the boundary
y le B (fxg). For ea h pair y~; z~ 2 B (fxg) \ N (x) (where y~ 6= z~), we onsider the
path Py~;z~ from y~ to z~ along the y le B (fxg), taking the dire tion su h that the
region en losed by fz~; xg, fx; y~g, and Py~;z~ ontains the layer omponent Ci+1;j .
Let fy; zg  B (fxg) \ N (x) be the pair su h that the orresponding path Py;z is
shortest. The triple, then, is the three-element set fx; y; zg. If x has no or only a
single neighbor y in B (fxg), then the \triple" onsists only of fxg, or fx; yg (by
default, in these ases, we let x = y = z, or y = z, respe tively).
De nition 22 For ea h vertex x 2 Ci+1;j of Di+1 and ea h non-va uous layer
omponent Ci+1;j that is en losed by B (fxg), the set fx; y; zg as des ribed above
is alled a lower triple of layer Li.
Middle triples. A middle triple for layer Li is asso iated to a non-va uous
layer omponent Ci+1;j and a vertex x 2 Di that has a neighbor in B (Ci+1;j ) (see
Fig. 4). Note that, due to the layer model, it is easy to see that a vertex x 2 Di
an have at most two neighbors y; z in B (Ci+1;j ). Depending on whether x itself
Lower triples.
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Case 2:

Case 1:
Figure 4: Middle triples.

lies on the y le B (Ci+1;j ) or not, we obtain two di erent ases whi h are both
illustrated in Fig. 4. In either of these ases, the middle triple is de ned as the set
fx; y; zg. Again, if x has none or only a single neighbor y in B (Ci+1;j ), then the
\triple" onsists only of fxg, or fx; yg, respe tively (by default, in these ases,
we let x = y = z, or y = z, respe tively).
De nition 23 For ea h non-va uous layer omponent Ci+1;j and ea h vertex
x 2 Di , the set fx; y; z g as des ribed above is alled a middle triple for layer Li .
De nition 24 We de ne the set Si as the union of all upper triples, lower triples
and middle triples of layer Li.
In the following, we will show that Si is a separator of the graph. Note that
the upper bounds on the size of Si , whi h are derived afterwards, are ru ial for
the upper bound on the treewidth derived later on.
Proposition 25 The set Si separates verti es of layers Li 1 and Li+2 .
Proof. Suppose there is a path P (with no repeated verti es) from layer Li+2
to layer Li 1 that avoids Si. This learly implies that there exists a path P 0
from a vertex x in a non-va uous layer omponent Ci+1;j of layer Li+1 to a vertex
z 2 B (B (Ci+1;j )) in layer Li 1 whi h has the following two properties:

 P 0 \ Si = ;.
 All verti es inbetween x and z belong to layer Li or to va uous layer omponents of layer Li+1 .
This an be a hieved by simply taking a suitable sub-path P 0 of P . Let y1 (and
y2 , respe tively) be the rst (last) vertex along the path P 0 from x to z that lies
on the boundary y le B (Ci+1;j )  Li (see Fig. 5).
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Figure 5: Si separates Li 1 and Li+2 .
Obviously, y2 annot be an element of D sin e, then, it would appear in a
middle triple of layer Li and, hen e, in Si. We now onsider the vertex that
dominates y2. This vertex an lie in layer Li 1, Li , or Li+1 .
Suppose rst that y2 is dominated by a vertex d1 2 Li 1. Then, d1 is in
B (B (Ci+1;j )), simply by de nition of the boundary y le (see Fig. 5). Sin e G
is planar, this implies that y2 must be an \outermost" neighbor of d1 among all
elements in N (d1) \ B (Ci+1;j ). If this were not the ase, then there would be
an edge from d1 to a vertex on B (Ci+1;j ) that leaves the losed region bounded
by fd1; y2g, the path from y2 to z, and the orresponding path from z to d1
along B (B (Ci+1;j )). Hen e, y2 would be in the upper triple of layer Li whi h is
asso iated to the layer omponent Ci+1;j and d1. This ontradi ts the assumption
that P 0 avoids Si .
Now, suppose that y2 is dominated by a vertex d2 2 Di (see Fig. 5). By
de nition of the middle triples, this learly implies that y2 is in the middle triple
asso iated to Ci+1;j and d2. Again, this ontradi ts the fa t that P 0 \ Si = ;.
Consequently, the dominating vertex d3 of y2 has to lie in layer Li+1 . Let
fd3; d13; d23g, where d13; d23 2 N (d3 ) \ B (Ci+1;j ), be the lower triple asso iated to
layer omponent Ci+1;j and d3 (see Fig. 5). By de nition, Ci+1;j is ontained
in the region en losed by fd13; d3g; fd3; d23g, and the path from d23 to d13 along
B (Ci+1;j ), whi h|assuming that y2 2
= fd3; d13 ; d23 g|does not hit y2 (see Fig. 5).
We now observe that, whenever the path from y1 to y2 leaves the y le B (Ci+1;j )
to its exterior, say at a vertex q, then it has to return to B (Ci+1;j ) at a vertex
q 0 2 N (q ) \ B (Ci+1;j ). Otherwise, we would violate the fa t that, by de nition,
22
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This, however, shows that the path P 0 has to hit either d13 or d23
on its way from y1 to y2. Sin e d13; d23 2 Si , this ase also ontradi ts the fa t that
P 0 \ Si = ;.
2

B (Ci+1;j )  Li .

3.3

An upper bound for the size of the separators

In this subse tion, we want to show that the sum of the ardinalities of all separators an be bounded by some linear term in k.
Lemma 26 jSi j  5(ki 1 + ki + ki+1 ) + 12 i+1.
Proof. We give bounds for the number of verti es in upper, middle, and lower
triples of layer i, separately.
Firstly, we dis uss the upper triples of layer i, whi h were asso iated to a nonva uous layer omponent Ci+1;j of layer Li+1 and a vertex x 2 Di 1 with neighbors
in B (Ci+1;j ). Consider the bipartite graph G0 whi h has verti es for ea h nonva uous layer omponent Ci+1;j and for ea h vertex in Di 1 . Whenever a vertex
in Di 1 has a neighbor in B (Ci+1;j ), an edge is drawn between the orresponding
verti es in G0 . Ea h edge in G0, by onstru tion, may orrespond to an upper
triple of layer Li . Note that G0 is a planar bipartite graph whose bipartition
subsets onsist of ki 1 and i+1 verti es, respe tively. Thus, the number of edges of
G0 is linear in the number of verti es; more pre isely, it is bounded by 2(ki 1 + i+1 )
(see [40, Corollary 1.2.℄). From this, we obtain an upper bound for the number
of verti es in upper triples of layer Li as follows: Potentially, ea h vertex of Di 1
appears in an upper triple and, for ea h edge in G0 , we possibly obtain two further
verti es in an upper triple. This shows that the total number of verti es in upper
triples is bounded by ki 1 + 4(ki 1 + i+1).
A similar analysis an be used to show that the number of verti es in the
lower triples is bounded by ki+1 + 4(ki+1 + i+1) and that the number of verti es
in the middle triples an be bounded by ki + 4(ki + i+1 ).
By de nition of Si, this proves our laim.
2
Note that, by a more detailed investigation, the bound given in Lemma 26
probably an be improved. One observes, e.g., that the planar bipartite graph G0,
whi h was onstru ted in the proof, has the spe ial property that it is a \hyperplane" bipartite graph, i.e., one of the bipartition subsets an be arranged on a
line and all edges of the graph lie in one half-plane of this line. This property of
G0 is immediate from the fa t that the upper triples asso iated to a non-va uous
layer omponent Ci+1;j lie within the boundary y le B (B (Ci+1;j )). For su h
graphs, our investigations indi ate that one might obtain better estimates on the
number of their edges than the ones used in the proof of Lemma 26.
A similar observation an be made for estimating the bounds for the lower
triples.
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For the number i of non-va uous omponents in layer i, we have the following
estimate.
Lemma 27 i  ki + ki+1 + ki+2 .
Proof. By de nition, i refers to only non-va uous layer omponents in layer
Li , i.e., there is at least one vertex of layer Li+1 ontained within ea h su h layer
omponent. Su h a vertex an only be dominated by a vertex from layer Li , Li+1 ,
or Li+2 . In this way, we get the laimed upper bound.
2
Combining the two previous results yields the bound laimed at the beginning
of this subse tion.
P
Proposition 28 ri=1 jSi j  51k, where r is the number of layers of the graph.
Proof.
Pr This follows dire tly when we ombine the previous two lemmas, noting
2
that i=1 ki = k.
3.4

An improved relation between domination number
and treewidth

We are now ready to state our main result relating the domination number and
the treewidth of a planar graph. Note that the following theorem gives a de isive
asymptoti improvement of Corollary 12.
Theorem
p p 29 A planar graph with domination number k has treewidth of at most

6 34

k + 8.

Using the separators Si as found in the previous subse tions, we onsider
the following three sets of verti es: S1 = S1 [ S4 [ S7 [ : : : , S2 = S2 [ S5 [ S8 [ : : : ,
and S3 = S3 [ S6 [ S9 [ : : : . Sin e, by Proposition 28, jS1j + jS2j + jS3j  51k,
one of these sets has size at most 513 k, say SÆ (withpÆ 2 f1; 2; 3g).
Let Æ and SÆ be obtained as above. Let d := 23 34. We now go through pthe
sequen e S1+Æ ; S4+Æ ; S7+Æ ; : : : and look for separators of size at most s(k) := d k.
Due to the estimate on the size of SÆ, su h separators
p p of size at most s(k) must
51
1
1
p
appear within ea h n(k) := 3  d k  k = 3 34 k sets in the sequen e. In
this manner, we obtain a set of disjoint separators of size at most s(k) ea h,
su h that any two onse utive separators from this set are at most 3n(k) layers apart. Clearly, the separators hosen in this way ful ll the requirements in
Proposition 20.
Observe that the omponents ut out in this way ea h have at most 3(n(k)+1)
layers and, hen e, their treewidth is bounded by 9(n(k)+1) 1 due to Theorem 11.

Proof.
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Using Proposition 20, we an ompute an upper bound on the treewidth tw(k)
of the originally given graph with domination number k:
tw(k)  2s(k) + 9(n(k) + 1) 1
p p
p p
= 2( 23 34 k) + 9( 31 34 k) + 8
p p
= 6 34 k + 8:
This proves our laim.
2
How did we ome to the onstants? We simply omputed the minimum of
2s(k) + 9(n(k) + 1) 1 (the upper boundpon the treewidth) given the bound
s(k)n(k)  51
3 k. This suggests s(k) = d k, and
p d is optimal when 2s(k) =
51
153
3
1
9n(k) = 9  3  k  s(k) , so, 2d = d , i.e., d = 2 34.
Observe that the tree stru ture of the tree de omposition obtained in the
pre eding proof orresponds to the stru ture of the layer de omposition forest.
Remark 30 Up to onstant fa tors, the relation exhibited in Theorem 29 is
optimal. This an be seen, for example, by onsidering a omplete grid graph G`
of size `  `, i.e., with `2 verti es. It is known that tw(G`)  ` (see [13, Corollary
89℄) and the domination number obeys (G`) 2 (`2), see [30, Theorem 2.39℄.
Therefore, there is an in nite family ofpplanar graphs G^ k with domination number
^ k has treewidth of ( ki).
ki su h that G
i

i

4

The algorithm

In this se tion, we outline our xed parameter algorithm for solving kdominating set on planar graphs onstru tively. The input instan e to the
algorithm onsists of a planar graph G and a positive integer k. The algorithm
determines whether G admits a dominating set of size at most k, pand, if so,
onstru ts su h a set. The running time for the algorithm will be 4O( k) n.
Clearly, this generalizes
onstru ting a minimum size dominating set in a
p (to
G))
O(
plane graph in time 4
n, where (G) is the domination number of the
graph. If (G) is not known in advan e, one has to apply the xed parameter
algorithm and try di erent values of k|this an be done at the ost of an extra
multipli ative fa tor of O(log (G)) by using binary sear h.
The key idea for our algorithm is to onstru t a tree de omposition of the
stated width. However, Theorem 29 is a pure existen e theorem whi h annot be
made onstru tive dire tly. There is one point that needs spe i attention. As
we do not start with the dominating set given, we annot onstru t the upper,
middle, and lower triples. Instead, we have to ompute the minimum size separator S^i between Li 1 and Li+2 dire tly, and use that set instead of Si as de ned
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in the proof of Subse tion 3.2. Su h a minimum size separator an be omputed
with well known te hniques based on maximum ow (see, e.g., [33℄).
Our algorithm pro eeds in the following steps:
1. Embed the planar graph G = (V; E ) rossing-free into the plane. Determine
the outerplanarity number r of this embedding and all layers L1; : : : ; Lr .
By default, we set Li = ; for all i < 0 and i > r.
2. If r > 3k then exit (there exists no k-dominating set). This step of the
algorithm is justi ed by Proposition 4.
3. For Æ = 1; 2; 3 and i = 0; : : : ; b 3r 1, nd the minimum separator S^3i+Æ ,
separating layers L(3i+Æ) 1 and L(3i+Æ)+2 . Let s3i+Æ = jS^3i+Æ j.
4. Che k whether there exists a Æ 2 f1; 2; 3g and an in reasing sequen e
(ij )j=1;::: ;t of indi es in f0; : : : ; b 3r 1g, su h that
3 p34pk for all j = 1; : : : ; t and
s3i +Æ  s(k) :=
2 p
p
jij+1 ij j  n(k) := 31 34 k for all j = 1; : : : ; t 1:
j

If the answer is \no," then exit (there exists no k-dominating set). This
step of the algorithm is justi ed by the onsiderations in the proof of Theorem 29.
5. Consider the separators Sj := S^3i +Æ for j = 1; : : : ; t (by default, Sj = ; for
all other j ) and, for ea h j = 0; : : : ; t, let Gj be the subgraph ut out by
the separators Sj and Sj+1 or, more pre isely, let
j

Gj

:= G

+Æ)+1
 (3i(j +1)
[
=(3i +Æ) 1

`

L`

n (Sj [ Sj+1)



:

j

Note that Gj is at most 3(n(k) + 1)-outerplanar.
6. Constru t tree de ompositions Xj for Gj (j = 0; : : : ; t) with O(n) nodes
ea h. For this step, we refer to Theorem 14.
7. Constru t a tree de omposition X of G with O(n) nodes using the separators S1 ; : : : ; St and the tree de ompositions Xj by the separator merging
te hnique des ribed in the proof of Proposition 20.
8. Solve the dominating set problem for G with tree de omposition X as
des ribed in Theorem 13.
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Step 1 an be implemented with methods des ribed in Se tion 2.3.
As to Step 3 of the algorithm, we want to remark that su h a minimum size
separator an be omputed with well known te hniques based on maximum ow
(see, e.g., [33℄) as follows: For given values of i and Æ, we rst, build the graph G0,
indu ed by the verti es in L3i+Æ 1 [ L3i+Æ [ L3i+Æ+1 [ L3i+Æ+2 . Then, we ontra t
all verti es in L3i+Æ 1 to one vertex s, and all verti es in L3i+Æ+2 to one vertex t.
We look for a minimum s-t-separator in the resulting graph but, if this separator
has size more than s(k), then we just note that no separator of size at most s(k)
exists ( ompare with Step 4). Finding the separator or determining that no small
enough separator exists an be done with the following standard method. Build
a dire ted graph G00 in the following way. Every vertex v in the graph is repla ed
by two verti es v and v+, with an edge from v to v+, and an edge fv; wg is
repla ed by two edges (v+; w ), (w+; v ). As explained in [37, Lemma 11, page
83℄, the minimum s-t separator in G0 an be found by applying a maximum ow
algorithm in G00 . To keep the running time in the stated bounds, we use the FordFulkerson maximum ow algorithm, but stop as soon as a ow value of more than
s(k) is used sin e, in su h a ase, we an on lude that no s-t-separator of size at
most s(k) exists. As ea h ow augmentation step osts time linear in the number
of verti es and edges of G00 and in reases the ow value by one, the time used by
this pro edure is O(n0  s(k)), with n0 = jL3i+Æ 1 [ L3i+Æ [ L3i+Æ+1 [ L3i+Æ+2 j.
As for every vertex in G, there are at most four ombinations of Æ and i in
Step 3 su h that it belongs to L3i+Æ 1 [ L3i+Æ [pL3i+Æ+1 [ L3i+Æ+2 and the total
time of step 3 is bounded by O(n  s(k)) = O(n k).
The orre tness of the algorithm above follows from our onsiderations in the
previous se tions.
p p
Steps 1-7p allow us to onstru t a tree de omposition of width 6 34 k + 8
of Gpin pO( kn) time. The running time for the last step in the algorithm is
O(46 34 k n).
Summarizing these observations, we obtain the following theorem.
Theorem 31
p The k-dominating
p34 set problem on planar graphs an be solved
k n), where
6
= 4 . Moreover, if (G)  k, a minimum size
in time O(

dominating set an be onstru ted within the same time.
6p34

2

The onstant above is 4 , whi h is rather large. However, a more re ned
analysis should help to redu e this onstant. Moreover, it is a worst ase estimate,
whi h might be far from what happens in pra ti al appli ations.
We want to mention that an algorithm of similar running time ould be obtained by ombining our result (Theorem 29) with the O(8r n) time algorithm
for solving dominating set on r-outerplanar graphs indi ated by Baker [9℄. To
that end, one exe utes Steps 1-5 as presented above. Afterwards, Steps 6-8 are
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repla ed by a dynami programming approa h, the idea of whi h we brie y want
to sket h. One keeps mappings Ai for ea h of the separators Si similar to the
algorithm presented in the proof of Theorem 13. Again, one uses three distin t
olors for the verti es in the separator Si :
 \bla k" (represented by 1, meaning that the vertex belongs to the dominating set),
 \whiteouter " (represented by 0outer , meaning that the vertex still needs to
be dominated by the subgraph Gi 1), and
 \whiteinner" (represented by 0inner, meaning that the vertex still needs to be
dominated by the subgraph Gi).
Note that an assignment of olor 1 to some verti es B 2 Si already determines
that verti es in N (B ) \Si are dominated. Hen e, we only need to assign di erent
white values to the remaining verti es in Si n N (B ).
The mappings are updated starting from i = 0 up to i = r 1 as follows.
The new entry for a spe i oloring (i+1) 2 f1; 0outer; 0innergjS j in table Ai+1
an be obtained from minimizing over all olorings (i) 2 f1; 0outer; 0innergjS j in
mapping Ai and applying Baker's algorithm to the graph Gi pre olored a ording
to (pi) and (i+1) . Working out the details of this approa h yields a running time of
O( k n) for some slightly better onstant than the one obtained in Theorem 31
(see [2℄). However, we want to point out that the algorithm laimed by Baker
is not worked out in detail for the dominating set problem, and, hen e, it is
hard to verify whether it an deal with pre olored graphs, a basi assumption we
need for this approa h.
i+1

i

5

Variations of

over

dominating set

and the

fa e

problem

For several variations of the dominating set problem on planar graphs, our
te hnique an also help to obtain algorithms with a similar running time. In parti ular, we will onsider the following problems: dominating set with property P , weighted dominating set, and fa e over.
5.1

Dominating set with property P

In the following, a property P of a vertex set V 0  V of an undire ted graph
G = (V; E ) will be a Boolean predi ate whi h yields true or false values when
given as input V , E , and V 0 . Sin e V and E will always be lear from the ontext,
we will simply write P (V 0) instead of P (V; E; V 0 ). Examples for su h properties
P are:
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 V 0 is an independent set, i.e., the graph indu ed by V 0 has no edges, or
 the graph indu ed by V 0 is onne ted.
A k-dominating set with property P of an undire ted graph G is a kdominating set D of G whi h has the additional property P (D) in G. The
dominating set with property P problem is the task to nd a minimum
size dominating set with property P . The k-dominating set with property
P problem is the task to de ide, given a graph G = (V; E ), a property P , and a
positive integer k, whether or not there exists a k-dominating set with property P .
Examples for su h problems are:
 the k-independent dominating set problem, see [46, 47℄ or [23, p.464℄,
where the property P (D) of the k-dominating set D is that D is independent,
 the k-total dominating set problem, see [46, 47℄, where the property
P (D) of the k-dominating set D is that ea h vertex of D has a neighbor
in D,
 the k-perfe t dominating set problem [46, 47℄, where the property
P (D) of the k-dominating set D is that ea h vertex whi h is not in D has
exa tly one neighbor in D,
 the k-perfe t independent dominating set problem, also known as
the k-perfe t ode problem [23, 29, 46, 47℄, where the k-dominating set
has to be perfe t and independent, and
 the k-total perfe t dominating set problem [46, 47℄, where the kdominating set has to be total and perfe t.
For all these instan es, the ondition ofp the following Theorem 32 holds and,
hen e, for these problems, we have an O( k n) time algorithm for some onstant .
More pre isely, a variant of Theorem 13 an be stated for ea h of these problems,
leading to algorithms where the base qi of the exponential term and the number i
of olors needed for the mappings in the dynami programming are as follows:
 independent dominating set: q1 = 4, 1 = 3;
Here, in ontrast to the algorithm given in the proof of Theorem 13, after
ea h update of a mapping Ai for bag Xi, we he k, for ea h oloring 2
f0; ^0; 1gn , if there exist two verti es x; y 2 Xi that both are assigned olor 1
by , and, if so, set Ai ( ) +1.
 total dominating set: q2 = 5, 2 = 4;
Sin e one must also distinguish for the verti es in the domination set
whether or not they have been dominated by other verti es from the dominating set, we may use 4 olors:
i
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1, meaning that the vertex is in the dominating set and is already
dominated;
{ ^1, meaning that the vertex is in the dominating set and still needs to
be dominated;
{ 0, meaning that the vertex is not in the dominating set and is already
dominated;
{ ^0, meaning that the vertex is not in the dominating set and still needs
to be dominated.
The orresponding partial ordering  on C := f0; ^0; 1; ^1g, a ording to
whi h our mappings will be monotonous, is given by ^1  1, ^0  0, and
d  d for all d 2 C . The various steps of the algorithm for updating the
mappings are similar the ones given in the algorithm of Theorem 13. The
most ost-expensive part again is the updating of a join node. Here, in
the assignment (6), we have to adapt the de nition of \divide" as follows:
For a oloring = ( 1 ; : : : ; n ) 2 f0; ^0; 1; ^1gn for Xi, we say that 0 =
( 01; : : : ; 0n ), 00 = ( 001 ; : : : ; 00n ) 2 f0; ^0; 1; ^1gn divide if

1. t = 0 ) ( 0t ; 00t 2 f0; ^0g ^ 0t 6= 00t ) , and

2. t = 1 ) ( 0t ; 00t 2 f1; ^1g ^ 0t 6= 00t ) .
For a xed oloring , a ombinatorial argument shows that the number of
pairs that divide , is given by
{

i

i

i

i

ni
X

i

ni


#0 ( ) 
X
ni
ni

#0 ( )=0 #1 ( )=0

#0 ( )

#0 ( )2# ( ) 2# ( ) = 5n :
#1 ( )
0

1

i

This determines the running time of the algorithm.
 perfe t dominating set: q3 = 4, 3 = 3;
Here, in ontrast to the algorithm given in the proof of Theorem 13, a
vertex is olored \grey" if it is dominated by exa tly one \bla k" vertex
whi h either lies in the \ urrent" bag of the tree de omposition algorithm
or in one of its hild bags.
 perfe t ode: q4 = 4, 4 = 3;
This an be done by a ombination of the arguments given for independent dominating set and perfe t dominating set.
 total perfe t dominating set: q5 = 5, 5 = 4;
This an be done by a ombination of the arguments given for total
dominating set and perfe t dominating set.
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Observe that our updating te hnique whi h makes strong use of the monotoni ity
of the mappings involved yields a basis in the exponential term of the running
time whi h outperforms the results of Telle and Proskurowski. The orresponding
onstants qi0 for the above listed problems that were derived in [46, Theorem 4,
Table 1℄, and [47, Theorem 5.7℄ are q10 = 9, q20 = 16, q30 = 9, q40 = 9, and q50 = 16.
Note that all the problems listed above are de ned via properties P whi h an
be viewed as being \lo al properties." This means that essential information for
de iding P an be maintained by the algorithms based on the tree de omposition
approa h. On the other hand, the onne ted dominating set problem (where
it is required that the dominating set whi h is looked for should be onne ted)
does not seem to be solvable in this way, sin e onne tedness annot be de ided
on the basis of knowing only a subset of the dominating set.
All the problem variants listed above are known to be NP- omplete problems
[46, 47℄ for general graphs. As regards their parameterized omplexity, it is only
known that k-perfe t ode (on general graphs) is a W[2℄-problem whi h is
W[1℄-hard, and k-independent dominating set (on general graphs) is W[2℄omplete, see [23℄. The other variants are not mentioned in [23℄. In spite of these
hardness
results, we an obtain algorithms whi h have a running time of the form
p
k
O( n) for some onstant for all of the instan es of k-dominating set with
property P when restri ting oneself to planar graphs. More generally, we an
state:
Theorem 32 Suppose that there is an algorithm that solves in O(q `N ) time the

P problem on graphs, given a tree de omposition with treewidth ` and N nodes for some onstant q . p
Then, the k-dominating
d k
set with property P problem
an
be
solved
in
O
(
q
n) time, given a planar
p
graph G = (V; E ), where d = 6 34. Moreover, if a k-dominating set with property P exists, a minimum size dominating set with property P an be onstru ted
dominating set with property

within the same time.

Proof. If the planar graph G admits a dominating set with property P of size
at most k, then, learly, G has domination
p p number at most k. By Theorem 29,
the treewidth of G is bounded by 6 34 k + 8. A ording to the dis ussion in
Se tion p4, a orresponding tree de omposition with O(n) nodes an be found in
time O( kn). The assumption on the existen e of an O(q`N ) time algorithm for
given tree de omposition of width ` then yields the laim.
2
5.2

Weighted dominating set

Here, we onsider the following variant of dominating set: Take a graph G =
(V; E ) together with a positive integer weight fun tion w : V ! N with
P w (v ) > 0
for all v 2 V . The weight of a vertex set D  V is de ned as w(D) = v2D w(v).
A k-weighted dominating set D of an undire ted graph G is a dominating set D
31
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of G with w(D)  k. The k-weighted dominating set problem is the task to
de ide, given a graph G = (V; E ), a weight fun tion w : V ! N , and a positive
integer k, whether or not there exists a k-weighted dominating set.
Theorem 33 The kp-weighted dominating
set problem on planar graphs an
k
6p34

be solved in time O( n), where = 4
. Moreover, if a k-weighted dominating
set exists, a dominating set of minimum weight an be onstru ted within the same
time.

By de nition of the weight fun tion, a graph whi h possesses a kweighted dominating set has
p a domination number bounded by k. Hen e, its
treewidth is bounded by 6 34k + 8, see Theorem 29. Now, the te hniques explained in Theorem 31 based on Theorem 13 work a ordingly. In parti ular,
only small modi ations in the bookkeeping te hnique used in Theorem 13 are
ne essary in order to obtain a k-weighted dominating set. More pre isely, we have
to adapt the initialization (1) of the mappings Ai for the bag Xi = (xi ; : : : ; xi )
a ording to:
for all = ( 1 ; : : : ; n ) 2 f0; ^0; 1gn do

+1 if is lo ally invalid for Xi
Ai ( )
(8)
w( ) otherwise;
where w( ) := Pnt=0; =1 w(xi ). The updating of the mappings Ai in Step 2 in
the algorithm of Theorem 13 is adapted similarly.
2
Also weighted variants of domination problems with property P an be treated
in this way. Observe that it is not straightforward to generalize the theorem above
to domination problems with rational or \real" weights. The natural redu tion to
the integer weight problem treated above would also in uen e the parameter k,
whi h then would depend on the whole problem instan e, whi h is not feasible in
the xed parameter setting. Only if we x beforehand a onstant  su h that all
admissible positive weights are greater than , this redu tion would be feasible,
showing that of the orresponding generalized problem instan e for k-weighted
dominating set on planar graphs is xed parameter tra table ( f. similar issues
for weighted vertex over on general graphs [39℄).
Proof.

1

ni

i

i

i

t

5.3

t

Fa e over

We now turn our attention to the fa e over problem (see [10, 23, 44℄). A
k-fa e over C of an undire ted plane graph G = (V; E ) (i.e., a planar graph
with a xed embedding) is a set of fa es that over all verti es of G, i.e., for every
vertex v 2 V , there exists a fa e f 2 C so that v lies on the boundary of f . The
k-fa e over problem is the task to de ide, given a plane graph G = (V; E )
and a positive integer k, whether or not there exists a k-fa e over. The size of a
fa e over of minimum size of a plane graph G is alled the fa e over number of
32
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G. The fa e over problem is the task to nd a minimum size fa e over for a
given plane graph.
Downey and Fellows [23, p.38℄ laimed an O(12k n) algorithm for k-fa e
over, whi h they all fa e over number for planar graphs. Unfortunately, there is a aw in the orre tness proof of this algorithm.
Before, Biensto k and Monma [10℄ had derived an O( k n) algorithm (with an
unspe i ed but large onstant ) for a generalization of fa e over whi h they
all disk dimension problem.
Basi ally, Downey and Fellows redu e fa e over to a problem whi h they
all planar red/blue dominating set. A tually, we will use the same redu tion te hnique in the following. This justi es why we also brie y treat this
auxiliary problem.
An instan e of planar red/blue dominating set is given by a planar
bipartite graph G = (V; E ), where the bipartition is given by V = Vred [ Vblue.
The parameter is k. The question is whether there exists a set V 0  Vred with
jV 0 j  k su h that every vertex of Vblue is adja ent to at least one vertex of V 0.
Observe that planar red/blue dominating set is not a variant of planar
dominating set in the sense of the rst subse tion, be ause a solution V 0 is not
a dominating set, sin e red verti es an not and hen e need not be dominated
by red verti es. Downey and Fellows [23, p. 38℄ laim an O(12k n) algorithm for
planar red/blue dominating set. Unfortunately, the proof of [23, Lemma
3.3℄ (whi h is the basis of the given sear h tree algorithm) is awed.
Although it would surely be possible to develop an analogue to Theorem 31
for planar red/blue dominating set as well, we will only state and prove
the following version here, sin e we are mainly interested in solving the fa e
over problem.
Lemma 34 Let a (planar) bipartite graph G = (V; E ) with bipartition V = Vred [

Vblue be given together with a tree de omposition of width `. Then, red/blue
dominating set an be solved in time O (3` N ), where N is the number of bags

of the tree de omposition.

(Sket h)Basi ally, the te hnique exhibited in Theorem 13 an be applied. Due to the bipartite nature of the graph, only two \states" have to be
stored for ea h vertex: red verti es are either within the dominating set or not
(represented by olors 1red and 0red, respe tively), and blue verti es are either
already dominated or not yet dominated (represented by olors 0blue and ^0blue,
respe tively).
We onsider our bags as bipartite sets, i.e., Xi := Xi;red [ Xi;blue, where
Xi;red := Xi \ Vred and Xi blue := Xi \ Vblue . Let ni;red := jXi;red j and ni;blue :=
jXi;bluej, i.e., jXij =: ni = ni;red + ni;blue.
The partial ordering  on the olor set C = Cred [ Cblue, where Cred :=
f1red; 0redg and Cblue := f0blue; 0^blueg, is given by 0^blue  0blue and d  d for all

Proof.

;
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d 2 C.

A valid oloring for Xi is a oloring where we assign olors from Cred to
verti es in Xi;red and olors from Cblue to verti es in Xi;blue. The various steps
of the algorithm for updating the mappings are similar the ones given in the
algorithm of Theorem 13.
Again, the most ost-expensive part is the updating of a join node. For a
orre t updating of join nodes, we adapt the de nition of \divide" that appears
in the assignment (6) a ording to: For a valid oloring = ( 1; : : : ; n ) 2 C n
of Xi, we say that the valid olorings 0 = ( 01 ; : : : ; 0n ), 00 = ( 001 ; : : : ; 00n ) 2 C n
divide if

1. t 6= 0blue ) ( 0t ; 00t = t ) , and

2. t = 0blue ) ( 0t ; 00t 2 f0blue ; ^0blueg ^ 0t 6= 00t ) .
For a xed valid oloring that ontains z := #0 ( ) many olors 0blue , the
number of pairs that divide is 2z . Sin e there are 2n n z many olorings
with #0 ( ) = z, the total number of pairs that divide a xed oloring is
upper bounded by
i

i

i

i

i

blue

i;red

i;blue

blue

ni;blue

X
z

=0

2

ni;red



ni;blue
z



 2z = 2n

i;red

 3n

i;blue

 3n :
i

This determines the running time of the algorithm.
2
In order to solve the fa e over problem with the previously established
te hniques, we need the following auxiliary notion. Let G = (V; E ) be a plane
graph. Let F denote the set of fa es of G. A mapping r : F ! V is alled a
-bounded fa e representation i for all v 2 r(F ):
1. for all f 2 r 1(v), v lies on the boundary of f , and
2. jr 1(v)j  .
Lemma 35 Ea h plane graph has a 5-bounded fa e representation. Moreover,
su h a fa e representation fun tion an be onstru ted in time O(n).
Proof. Let G0 = (V0 ; E0 ) be a plane graph. We are going to de ne a 5-bounded
fa e representation r of G0 in a step-by-step fashion.
It is well-known that ea h planar graph has a vertex of degree of at most ve
[40, Corollary 1.4℄. Hen e, sele t one of these low-degree-verti es of G0 and all
it v0 . Sin e v0 has degree at most ve, there are at most ve fa es adja ent to v0 .
For all these fa es f , we de ne r(f ) = v0.
Consider, then, the graph G1 = (V1 ; E1), where G1 = G0 v0 . We assume
the \same" planar embedding for G1 as for G0 . As before, we an nd a vertex
v1 2 V1 with at most ve adja ent fa es (in G1 ). Therefore, v1 has at most ve
34
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adja ent fa es in G0 to whi h no verti es have yet been assigned. For all these
fa es f , we de ne r(f ) = v1.
Indu tively, Gi+1 is obtained as Gi vi , where vi has degree of at most ve
in Gi. Here, vi represents all adja ent fa es in G0 whi h are not already represented by the previously sele ted verti es v0; : : : ; vi 1.
This loop is repeated until all fa es f of G0 have one representing vertex r(f ),
i.e., until r is ompletely de ned.
We obtain time bound O(n) as follows. Maintain for every vertex its degree
and maintain a data stru ture that ontains all verti es of degree at most 5. Now,
repeatedly, pi k a vertex v from the data stru ture, and take that as the vertex
in the iteration; update the degrees of its neighbors (O(1) work) and add these
to the data stru ture if their degree is at most 5.
2
The pre eding lemma will be the key in the proof of the following theorem.
p

Theorem
36 The k-fa e over problem an be solved in time O( 1 k n), where
p
1 = 336 34 . Moreover, if the fa e over number of the input graph is at most k,

then a minimum size fa e over an be onstru ted within the same time.

Let G = (V; E ) be a plane graph with fa e set F . Due to Lemma 35,
we an nd a 5-bounded fa e representation r : F ! V in time O(n).
Consider the following graph: Add a vertex to ea h fa e of G, and make ea h
su h \fa e vertex" adja ent to all verti es that are on the boundary of that fa e.
These are the only edges of the bipartite graph G0 = (V 0 ; E 0). Write V 0 = V [ VF ,
where VF is the set of fa e verti es, i.e., ea h v 2 VF represents a fa e fv in G.
In other words, V and VF form the bipartition of G0. Observe that G0 an be
viewed as an instan e of red-blue dominating set: the fa e verti es VF are
\red" and the other verti es V are \blue." Basi ally, this is the idea Downey and
Fellows indi ated in [23, Exer ise 3.1.5℄. Now, we would like to apply Lemma 34
to nish the proof.
To this end, onsider the graph G^ = (V; E^ ) obtained from G0 by ontra ting
ea h edge onne ting a fa e vertex v 2 VF of G0 with r(fv ). In other words,
^ is obtained from G by rstly removing all \original" edges from E , and then
G
inserting, for every f 2 F , edges between r(f ) and ea h other vertex v adja ent
to f in G.
Now, assume that G has a k-fa e over. Then, G^ has a k0-dominating set
with k0  k. Namely, if C  F is a fa e over of G,pthen r(C ) is a dominating
set of G^ . Therefore, Theorem 29pyields tw(G^ ) 2 O( k). We onsider one tree
34,
de omposition of G^ of width  6 34k. In order to be able to apply Lemma
p
0
we are going to onstru t a tree de omposition of G of width  36 34k from
the tree de omposition of G^ . To this end, we enhan e the bags of G^ 's tree
de omposition a ording to the following rule: if r(f ) is in some bag for some
fa e f 2 F , then put all v 2 VF into that bag whi h satis es r(fv ) = r(f ). The
Proof.
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reader should verify that this, indeed, yields a tree de omposition of G0, and the
laimed width bound follows from Lemma 35.
2
Hen e, our algorithm for fa e over leads to an asymptoti improvement of
the result stated by Downey and Fellows [23, p. 38℄. The disk dimension problem treated by Biensto k and Monma [10℄ generalizes fa e over in two ways:
rstly, they do not start with a xed embedding of the planar input graph and,
se ondly, they have an additional input of their problem, namely a set D of designated verti es, where only these need to be overed. Both of these generalizations
seem to be hard to treat within our framework.
6

Con lusion

In this paper, we presented a treewidth-based approa h to improve the xed parameter omplexity of k-dominating set, k-fa e over and related problems
on planar graphs drasti ally|we gained an exponential improvement over previous exa t solutions for the problems. Seemingly for the rst time, our results
provide xed parameter algorithms whose exponential fa tor has an exponent
sublinear in the parameter.
We show that for the treewidth of planar graphs, we have tw(G) 2
(G)), where (G) is the domination number of G. From this,p we derive
O(
that kp-dominating set on planar graphs an be solved in time O( k n), where
= 46 34 . Analogously, on planar graphs, k-independent dominating set, kperfe t dominating set, k -perfe t ode, and k -weighted dominating
set an be solved in the same time bounds and k -total dominating
set
p
k
and k-total
perfe t dominating set an be solved in time O ( 1 n), where
p
p34
k
6
the
k
-fa e over problem an be solved in time O ( 2 n),
1 = 6 . Finally,
p
where 2 = 336 34.
The
presults.

The onstants. As already dis ussed earlier in the paper, our proven onstants
are huge. Hen e, our result might be of only stru tural importan e. There is
hope for getting our results to be more pra ti al, however: Our analysis only
deals with worst ase bounds. Even these might be improved signi antly. A
matter of spe ial importan e in this ontext is to note that our bounds heavily
depend on the layer de omposition of the given planar graph, whi h seems to be
a good starting point for the ght for better onstants. In summary, ameliorating
the onstants needs and deserves future work.

As our results su er from bad onstants, besides
dis ussing the opportunities to improve these, it is also valuable to investigate
the \philosophi al" perspe tives opened by our work. Does our result mean that

The philosophi al matters.
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set is an \easy" xed parameter tra table problem, e.g., easier
than (the lassi al parameterized problem) k-vertex over on general graphs?
In theory, seemingly yes, be ause the asymptoti s of the known exponential term
for planar k-dominating set is mu h better than for k-vertex over (\sublinear versus linear"); in pra ti e, seemingly no, be ause for probably all reasonable sizes of k (say, e.g., k  100) the exponential term for k-vertex over
( urrently already smaller than 1:3k [17, 38℄) is mu h better. Does this imply
something for the theory of xed parameter tra tability [23℄ as a whole? Cai and
Juedes [15℄ very re ently addressed this issue by stating that if vertex over on
graphs of maximum degree 3 has a 2o(k) nO(1)palgorithm, then FPT = W [1℄. From
this they ondu ted that there is no time 2o( k) nO(1) algorithm for k-dominating
set on planar graphs unless FPT = W [1℄. However, there was a aw in the proof
for these results. In a revised version [16℄ of [15℄ they give similar but weaker
results stating that a time 2o(k) nO(1)p algorithm for k-vertex over on graphs
of maximum degree 3 or a time 2o( k)nO(1) algorithm for k-dominating set on
planar graphs are impossible unless 3SAT 2 DTIME (2o(n) ), whi h is also onsidered to be unlikely but a weaker ondition than FPT 6= W [1℄. Hen e, from a
stru tural point of view, there is good eviden e that k-vertex over on general
graphs indeed is harder than k-dominating set on planar graphs.

k-dominating

It would be interesting to investigate experimentally the pra ti al usefulness of our result, sin e our estimates for the onstants are worst ase and very pessimisti ones. It also would be interesting to
see if these results an be extended to more variants of Dominating Set and to
other graph lasses (e.g., graphs of bounded genus6 ). Another interesting open
problem is how to use the te hniques of this paper for the variant of the fa e
over problem, where the embedding is not given as an input (i.e., for a given
planar graph, nd an embedding with minimum number of fa es that over all the
verti es, f. [10℄). Moreover, the question whether k-dominating set on planar
graphs admits a problem kernel of small (linear?) size still remains unanswered.

The on rete open questions.

We thank Frederi Dorn and Peter Rossmanith for disussions on the topi . This paper also pro ted from the omments of anonymous
referees of the onferen e SWAT 2000 and of Algorithmi a.
A knowledgments.

Referen es

[1℄ J. Alber, H. Fan, M. R. Fellows, H. Fernau, R. Niedermeier, F. Rosamond,
and U. Stege. Re ned sear h tree te hniques for the planar dominating

6 The logi al framework of Fri k and Grohe [27℄ already guarantees xed parameter tra tabil-

ity for this problem.

37

Algorithmica, Vol. 33, pp. 461–493, 2002

problem. In Pro eedings 26th MFCS 2001 , Springer-Verlag LNCS 2136,
pp. 111-122, 2001.
J. Alber, H. Fernau, and R. Niedermeier. Parameterized omplexity: exponential speed-up for planar graph problems. In Pro eedings 28th ICALP
2001 , Springer-Verlag LNCS 2076, pp. 261{272, 2001. Long version available
as Te hni al Report TR01-023, Ele troni Colloquium on Computational
Complexity (ECCC), Trier, Mar h 2001.
J. Alber, H. Fernau, and R. Niedermeier. Graph separators: a parameterized view. In Pro eedings 7th COCOON 2001 , Springer-Verlag LNCS 2108,
pp. 318-327, 2001. Long version available as Te hni al Report WSI-2001-8,
Wilhelm-S hi kard Institut fur Informatik, Universitat Tubingen.
J. Alber, J. Gramm, and R. Niedermeier. Faster exa t solutions for hard
problems: a parameterized point of view. Dis rete Mathemati s , 229: 3{27,
2001.
J. Alber and R. Niedermeier. Improved tree de omposition based algorithms
for domination-like problems. In Pro eedings 5th LATIN 2002 , SpringerVerlag LNCS, April 2002.
S. Arora, C. Lund, R. Motwani, M. Sudan, and M. Szegedy. Proof veri ation
and the hardness of approximation problems. Journal of the ACM 45:501{
555, 1998.
B. Aspvall, A. Proskurowski, and J. A. Telle. Memory requirements for table
omputations in partial k-tree algorithms. Algorithmi a 27: 382{394, 2000.
G. Ausiello, P. Cres enzi, G. Gambosi, V. Kann, A. Mar hetti-Spa amela,
and M. Protasi. Complexity and Approximation. Springer-Verlag, 1999.
B. S. Baker. Approximation algorithms for NP- omplete problems on planar
graphs. Journal of the ACM 41:153{180, 1994.
D. Biensto k and C. L. Monma. On the omplexity of overing verti es by
fa es in a planar graph. SIAM J. Comput. 17:53{76, 1988.
H. L. Bodlaender. A linear time algorithm for nding tree-de ompositions
of small treewidth. SIAM J. Comput. 25:1305{1317, 1996.
H. L. Bodlaender. Treewidth: Algorithmi te hniques and results. In Proeedings 22nd MFCS'97, Springer-Verlag LNCS 1295, pp. 19{36, 1997.
H. L. Bodlaender. A partial k-arboretum of graphs with bounded treewidth.
Theor. Comp. S i. 209:1{45, 1998.
set

[2℄

[3℄
[4℄
[5℄
[6℄
[7℄
[8℄
[9℄
[10℄
[11℄
[12℄
[13℄

38

Algorithmica, Vol. 33, pp. 461–493, 2002

[14℄ A. Brandstadt, V. B. Le, and J. P. Spinrad. Graph Classes: a Survey. SIAM
Monographs on Dis rete Mathemati s and Appli ations. So iety for Industrial and Applied Mathemati s, 1999.
[15℄ L. Cai and D. Juedes. Subexponential parameterized algorithms ollapse
the W-hierar hy. In Pro eedings 28th ICALP 2001 , Springer-Verlag LNCS
2076, pp. 273{284, 2001. Flawed. Corre ted in [16℄.
[16℄ L. Cai and D. Juedes. On the existen e of subexponential-time parameterized
algorithms. Manus ript, November 2001.
[17℄ J. Chen, I. Kanj, and W. Jia. Vertex over: further observations and further improvements. In Pro eedings 25th WG , Springer-Verlag LNCS 1665,
pp. 313{324, 1999. Revised version to appear in Journal of Algorithms.
[18℄ P. Cres enzi and V. Kann. A ompendium of NP optimization problems. Available at http://www.nada.kth.se/theory/problemlist.html, August 1998.
[19℄ G. Di Battista, P. Eades, R. Tamassia, and I.G. Tollis.
, Prenti e Hall, 1999.
[20℄ R. Diestel.
, Graduate Texts in Mathemati s 173, SpringerVerlag, 1997.
[21℄ R. G. Downey and M. R. Fellows. Fixed-parameter tra tability and ompleteness. Congr. Num. 87:161{187, 1992.
[22℄ R. G. Downey and M. R. Fellows. Parameterized omputational feasibility. In P. Clote, J. Remmel (eds.): Feasible Mathemati s II, pp. 219{244.
Birkhauser, 1995.
[23℄ R. G. Downey and M. R. Fellows.
. Monographs
in Computer S ien e. Springer-Verlag, 1999.
[24℄ R. G. Downey, M. R. Fellows, and U. Stege. Parameterized omplexity: A
framework for systemati ally onfronting omputational intra tability. DIMACS Series in Dis rete Mathemati s and Theoreti al Computer S ien e,
49:49{99, 1999.
[25℄ U. Feige. A threshold of ln n for approximating set over. Journal of the
ACM 45:634{652, 1998.
update
[26℄ M. R. Fellows. Parameterized omplexity: new developments and resear h
frontiers. In R. Downey, D. Hirs hfeldt (editors), Aspe ts of Complexity,
pp. 51{72, De Gruyter, 2001.
Graph Drawing;

Algorithms for the Visualization of Graphs
Graph Theory

Parameterized Complexity

39

Algorithmica, Vol. 33, pp. 461–493, 2002

[27℄ M. Fri k and M. Grohe. De iding rst-order properties of lo ally treede omposable stru tures. In Pro eedings 26th ICALP'99, Springer-Verlag
LNCS 1644, pp. 331{340, 1999.
[28℄ M. Garey and D. Johnson. Computers and Intra tability: A Guide to the
Theory of NP- ompleteness. Freeman, 1979.
[29℄ M. M. Halldorsson, J. Krato hvl, and J. A. Telle. Independent sets with
domination onstraints. In Pro eedings 25th ICALP'98, Springer-Verlag
LNCS 1443, pp. 176{187, 1998.
[30℄ T. W. Haynes, S. T. Hedetniemi, and P. J. Slater. Fundamentals of Domination in Graphs . Monographs and textbooks in pure and applied Mathemati s
Vol. 208, Mar el Dekker, 1998.
[31℄ T. W. Haynes, S. T. Hedetniemi, and P. J. Slater (eds.). Domination in
Graphs; Advan ed Topi s . Monographs and textbooks in pure and applied
Mathemati s Vol. 209, Mar el Dekker, 1998.
[32℄ D. S. Ho hbaum (ed.). Approximation algorithms for NP-hard problems.
PWS Publishing Company, 1997.
[33℄ A. Kanevsky. Finding all minimum-size separating vertex sets in a graph.
Networks 23: 533{541, 1993.
[34℄ T. Kloks. Treewidth. Computations and Approximations . Springer-Verlag
LNCS 842, 1994.
[35℄ J. van Leeuwen. Graph Algorithms. In Handbook of Theoreti al Computer
S ien e, Vol. A: Algorithms and Complexity , pp. 525{631, North Holland,
1990.
[36℄ C. Lund and M. Yannakakis. On the hardness of approximating minimization
problems. Journal of the ACM 41:960{981, 1994.
[37℄ K. Mehlhorn. Graph Algorithms and NP-Completeness. Springer-Verlag,
1984.
[38℄ R. Niedermeier and P. Rossmanith. Upper bounds for Vertex Cover further
improved. In Pro eedings 16th STACS'99 , Springer-Verlag LNCS 1563, pp.
561{570, 1999.
[39℄ R. Niedermeier and P. Rossmanith. On eÆ ient xed parameter algorithms
for Weighted Vertex Cover. In Pro eedings 11th ISAAC 2000 , SpringerVerlag LNCS 1969, pp. 180{191, 2000.
40

Algorithmica, Vol. 33, pp. 461–493, 2002

[40℄ T. Nishizeki and N. Chiba. Planar graphs: theory and appli ations. Annals
of Dis r. Math., 32, North-Holland, 1988.
[41℄ C. H. Papadimitriou and M. Yannakakis. Optimization, approximation, and
omplexity lasses. Journal of Computer and System S ien es, 43:425{440,
1991.
[42℄ C. H. Papadimitriou. Computational Complexity. Addison-Wesley, 1994.
[43℄ A. Paz and S. Moran. Nondeterministi polynomial optimization problems
and their approximations. Theor. Comp. S i. 15:251{277, 1981.
[44℄ R. C. Read. Prospe ts for graph theory algorithms. Ann. Dis r. Math.
55:201{210, 1993.
[45℄ J. A. Telle. Complexity of domination-type problems in graphs. Nordi J.
Comput. 1:157{171, 1994.
[46℄ J. A. Telle and A. Proskurowski. Pra ti al algorithms on partial k-trees with
an appli ation to domination-like problems. In Pro eedings 3rd WADS'93,
Springer-Verlag LNCS 709, pp. 610{621, 1993.
[47℄ J. A. Telle and A. Proskurowski. Algorithms for vertex partitioning problems
on partial k-trees. SIAM J. Dis r. Math. 10(4):529{550, 1997.

41

